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1 Introduction 

Hilbert schemes of points are among the simplest moduh spaces of sheaves on an algebraic 
surface S. Compactified relative Picards over a linear system of curves in S may be 
considered as moduli space of sheaves with pure one-dimensional support. The latter 
is complicated in comparison. For example, the punctual Hilbert schemes are always 
smooth while the compactified relative Picard is rarely smooth. This work was motivated 
by a desire to understand (resolve) the birational Abel-Jacobi isomorphism 

between the punctual Hilbert scheme S^^^ of a symplectic surface with a linear system 
of curves of genus g and the relative compactified Picard PiCpg^-^-||. The latter 
is a completely integrable hamiltonian system ||Hur| , [Mul|| . Of particular interest is the 



case where S is the cotangent bundle of a smooth algebraic curve and Pic|c)3(i)| "is" a 
^Partially supported by NSF grant number DMS-9802532 
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Hitchin system. The recursive nature of the geometry involved forced us to consider 
a more general duality among the moduli spaces of sheaves of arbitrary rank on the 
symplectic surface. However, due to the complexity of the birational isomorphisms, we 
consider here only the simplest setup; that of a K3 surface S and the collection of moduli 



spaces of sheaves whose first Chern class is minimal (Condition ^ Section |5.1| ). The 
structure, both local and global, of the birational Abel-Jacobi isomorphism turns out to 
be surprisingly beautiful. Local analytically, the birational isomorphism is modeled after 
two dual Springer resolutions 

T*G{t,H) ^W^T*G{t,H*) 

of the closure of the nilpotent orbit in End(H) of square-zero matrices of rank t. We 
proceed to describe the global structure (Theorems |l| and |] below). 

A projective polarized K3 surface is a simply connected surface S with a trivial 
canonical bundle and a choice of an ample line bundle Os{^)- There is a sequence of 19- 
dimensional irreducible moduli spaces of polarized K3 surface parametrized by the genus 
(yf > 2 of a curve in the linear system |(95(1)|. The linear system |(95(1)| is g dimensional 
and the line bundle ^^(l) gives rise to a morphism ip : S ¥^ which is an embedding 
as a surface of degree 2g — 2 if g > 2 and a double cover of branched along a sextic if 
9 = 2. 

Consider first the generic case of a K3 surface with a cyclic Picard group generated 
by Os{l)- A theorem of Mukai implies that all moduli spaces of Gieseker-Simpson stable 
sheaves on S, which happen to be compact, are smooth projective hyperkahler varieties 
(they admit an algebraic symplectic structure) ||Mul |. Compactness of the moduli space is 



automatic for the collection of components parametrizing sheaves whose rank r, determi- 
nant Os{d), and Euler characteristic x satisfy gcd(r, d,x) = ^ (these correspond to primi- 
tive vectors in the Mukai lattice introduce below). In particular, compactness of the stable 
locus holds for the relative compactified Picards over the linear system |05(1)| (union of 
compactified Picards of all curves in the linear system). Here, the fact that all curves in 
the linear system [(^^(l)! are reduced and irreducible is crucial. The polarized weight 2 
Hodge structure of a moduli space of stable sheaves is identified as a sub-quotient of the 
Mukai-lattice. This is the cohomology lattice H{S, Z) := H^{S, Z)®H^{S, Z)®H\S, Z) 
endowed with the non-degenerate symmetric pairing 

((r', c'l, s'), (r", c'l, s")) := c[ ■ c'( - r's" - r"s'. 
The Euler characteristic of a coherent sheaf F on 5 of rank r and Chern classes ci, 

C2 is x{F) = 2r + ^ C2- Following Mukai, we associate to F its Mukai vector 

v{F) := ch{F)^jTd{S) = (r, ci, s) where s = x{F) ~ ^- Pic(S) acts on the Mukai lattice 
by tensorization 

Os(rf)® (r,ci,s) = {r,c^ + rd,s+\Os{d)-{2ci+rOs{d))). 

The dimension of the moduli space }A{v) of stable sheaves with Mukai vector v is (f , v) + 
2 = (ci)^ — 2rs + 2. Conjecturally, the weight 2 Hodge structure of a smooth projective 
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moduli space Ai{v) is isomorphic to if dim(A^(f )) > 2 and to jTL-v if dim(A^(t')) = 
2 (see ||Mu2| , 0, |Yo|| for many known cases). Above, is the orthogonal hyperplane with 
respect to the Mukai pairing. 

The collection of non-empty moduli spaces consists of the points in the "hyperboloid" 

V := {v={r,Os[d),s) \ \^miM{v) = \ ^ d^{g - \) - rs>^} 

in Tl? satisfying the additional condition that the rank r is > 0. V is symmetric with 
respect to r and s but the last constraint is not. Let us illustrate this lack of symmetry 
in the plane C\ = ^^(l). We get the planar region H := V fl (ci = 1) := {v = 
(r, Os{l), s) I I dim A^(t>) = g — rs > 0} bounded by a hyperbola (see Figure jT]). The 
symmetry is restored via Brill-Noether theory. There is a natural Z/2 x Z/2 action by a 
group of isometrics of the Mukai lattice. The hyperbola Ti is invariant and we get three 
involutions cr, r and t o a where a and r are reflections with respect to the hyperplanes 
r — s = and r + s = 0. 



,M(g,l,-g) 



M(g,l,0) 
M(g- 1,1,0) 



[2g] 



[g+1 



^M(g,l,l) 



^[g]^.^[g-i] 



rs=g 



JO] 



yg-2 V 



rs=g 



a(r,l,s) = (s,l,r) 
x(r,l,s) = (-s,l,-r) 
xo (r,l,s) = (-r,l,-s) 



Figure 1: The region in the Mukai lattice of non-empty moduli spaces with ci = (9s(l). 
The Hilbert scheme S''"^ of length n zero dimensional subschemes is represented by 
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7W(1,0,1— n) as well as by any Pic(S)-translate, hence also by g — n). The 

relative compactified Picard of degree i over the linear system is the moduli 

space J* := Ai{0, l,i + l — g). Observe that the birational isomorphism between and 
S^^\ realized by the Abel-Jacobi map, is a lift of the involution (t(1, 1, 0) = (0, 1, 1). The 
local Torelli theorem holds for the weight 2 Hodge structure of projective hyperkakler 



varieties pi|| . Hence, given a universal isometry of the Mukai lattice, it is natural to ask 
if it "lifts" to a birational transformation on the level of moduli spaces. Tyurin observed 
that this is indeed the case for cr and moduli spaces parametrized by vectors in the first 
quadrant of the region Ti (see [p?y3|] (4.11) and Theorem 4.1). In [|G-H|] the reflection 



r(l, 1, -2) = (2, 1, -1) was lifted to a birational isomorphism S'^+^l ^ M(2, 1, -1) 

Stratified Mukai elementary transformations: An elementary Mukai transforma- 
tion is a birational transformation {M,P) {W,P*) between a symplectic variety M 
containing a smooth codimension n subvariety P which is a P^-bundle P —>■ Y. The blow- 
up of M along P admits a second ruling, the contraction of which results in a symplectic 
variety W containing the dual bundle ||Mul|| . In Section |^ Theorem ^ we construct a 



stratified analogue of a Mukai elementary transformation - a birational transformation 
of a symplectic variety M admitting a stratification with a highly recursive structure, 
which we call a dualizable stratified collection (see ([T^ and Definition The birational 
transformation produces another symplectic variety W and has the affect of "replacing" 
each stratum in M - a grassmannian bundle - by the dual grassmannian bundle. The 
base of each grassmannian bundle is itself the dense open stratum in a smaller dualizable 
collection. The elementary transformation is a duality; when applied twice it recovers the 
original variety. In Section p.l| the simplest example is introduced: A Springer resolution 
of the closure of a square-zero nilpotent (co)adjoint orbit in g[„ is related to the dual 
Springer resolution by a stratified elementary transformation. 

We use the Brill-Noether stratification (^) of the moduli spaces in 7i, and prove: 

Theorem 1 Given a Mukai vector v in Ti with negative rank, define the moduli space 
M.{v) to he identical to M.{a o t{v)). Then, the Z/2 x Z/2 symmetry of Ti, as a set 
of Mukai vectors, lifts to an action by stratified elementary transformations on the level 
of moduli spaces. Consequently, we obtain a resolution of the birational isomorphisms 
M.{v) ^ A4{a{v)) and A4{v) ^ A^(r(f)) as a sequence of blow-ups along smooth sub- 
varieties, followed by a dual sequence of blow-downs. 



For a more detailed statement, see Theorem EDI. The formal identification A4(v 



A4{a o r(f )) is well defined because the only vectors in Ti, for which both v and a o t{v) 
have non-negative rank, are Mukai vectors with r = and ci = Os{^)- They correspond 
to the compactified Jacobians over |(95(1)| and aor takes the Mukai vector of J" to that 
of j29-2-n_ These two moduli spaces are naturally isomorphic (see [ Lel | Theorem 5.7). 



More conceptually, since a and r lift to stratified elementary transformations with respect 
to the same (Brill-Noether) stratification, they coincide as birational transformations of 
M.{t{v)). Hence, a o r[A4(f)] = r o r[M.{v)] = M.{v). When the rank of v is negative. 
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A4{v) can be also described as a moduli space of (equivalence classes) of complexes of 
sheaves. 

The general definition of a dualizable stratified collection is illustrated in the context 
of moduli spaces of sheaves. Given an integer t, denote by t the Mukai vector (t,0,t) of 
the trivial rank t bundle. Given a Mukai vector v in H, let the distance of v from 

the boundary ofH, be 

.X f max{t : v + t e H, t e Z>o}, if xi'^) > (^\ 

\ max{t : v-teH, te Z>o}, if xiv) < 0. ^ ' 

Then n{v) + 1 is the length of the Brill-Noether stratification. For example, on the 
line r = of compactified relative Jacobians in TC, fi{v) + l is equal to the usual length 
of the Brill-Noether stratification of a Petri-generic curve, fi{J^^^^"') = n{0,l,n) = 

max{0, i iglj^ Choose, for example, f G 7i with non-negative Euler characteristic 

x{v) = r + s > 0. If ) > then + 1 ) = /i(f ) — 1. The square (/x(f ) + l) x ) + l) 
upper triangular matrix 

M{v)D MivfD ■■■ DM{vy ■■■ DMivY 

i 

M{v+1)d M{v+iy d ■■■ DMiv+iy-^ 

I 

M{v+2)d ■■■ dA<(w+2)''-2 



(2) 



i 

Miv+j2) 

is a stratified dualizable collection. If < 0, replace M{v + iy by Ai{v — iy in the 
matrix (0) to obtain the analogous stratified dualizable collection (here, even if we start 
with V satisfying rank(v) > 0, the Mukai vector v — i may have negative rank and we 
use the convention of Theorem m). The diagonal entries are symplectic projective moduli 
spaces. Each row is the Brill-Noether stratification of the diagonal entry. When x ^ 0) 
we set 

M{vy := {FeM{v) I h\F)>t} (3) 

and when x < we use instead. Every space A^(f + in the t-th column admits a 
dominant rational morphism to the diagonal symplectic entry Ai(v + i) which is regular 
away from the smaller stratum and realizes 

Miv+iy-^XMiv+iy^^ — > M{v+^\M{v+^^ 

Grassmannian bundle. The fiber over E e Miv + ^\Miv + is G{t-t, H^E)). 
As a subvariety of Ai{v), the codimension of each Grassmannian bundle is equal to the 
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dimension of the Grassmannian fiber. Hence, the project ivized normal bundle of each 
Grassmannian bundle is isomorphic to its relative projectivized cotangent bundle. The 
latter is a bundle of homomorphisms and admits a canonical determinantal stratification. 
The stratified elementary transformation is performed by blowing up the matrix (0) 
column by column from right to left. The key to the success of the recursion is the fact 
that the intersection of the strict transform of the Brill-Noether stratification with a new 
exceptional divisor (which is fibered by projectivized cotangent bundles of grassmannians) 
is precisely the determinantal stratification of the latter. The existence of two dual 
sequences of blow-downs on the top iterated blow-up can be seen already on the level of 
the projectivised cotangent bundle of a single grassmannian: Given a vector space H, 
the top iterated blow-up of PT*G'(t, H) is naturally isomorphic to that of PT*G'(t, H*). 

The top iterated blow-up B^'^^¥T*G{t, H) is a particularly nice compactification of the 
open dense GL{H)-oihii in FT*G(t, H). It admits an interpretation as a moduli space 
of complete collineations and its cohomology ring is well understood | |BDP[| . Complete 



collineations and complete quadrics play an important role in enumerative geometry 
Lakl| ] . They received a modern treatment in | JVain| , |Lak2| , [K'l| , |'l'h2|| . 



The top iterated blow-up B^^^Ais{v) is a coarse moduli space of complete stable 
sheaves. A complete sheaf (F, p2, ps, . . . , pk) consists of a sheaf F on S' and a sequence of 
non-zero homomorphisms, up to a scalar factor, defined recursively by 



P2 



H^{F) ^ H\F) and 



Pi+i : ker(pj) coker(pi), 2 < i < k - 1, 

such that the last homomorphism p^ is surjective if x{^) ^ ^ind injective if x{^) ^ 0- 
The sequence is empty if either H^{F) or H^{F) vanishes. The sequence {p2, ps, . . . , p^} 
should be viewed as a truncation of a complete coUineation {pi,p2, . . . ,Pfc}- The latter 
behaves well when the sheaf F varies in a fiat family. A choice of a section 7 of a 
sufficiently ample line bundle on 5* gives rise to a homomorphism pi : Vo(-F) — > Vi{F) 
between vector spaces which ranks depend only on the Mukai vector v{F) (see (|70D ). 
The kernel of pi is H^[F) and cokernel is H^{F). The notion of families of complete 
collineations is subtle but well understood | Lak2| , |KT |. It leads to the notion of families 



of complete sheaves once we fix a section 7 as above. Thaddeus' work on complete 
collineations |[Th2|| combined with Theorem |l| suggests that the stratified elementary 



transformations in Theorem ^ come from a variation of Geometric Invariant Theory 
quotients in the sense of ||DII| , [Thl| , 



The moduli space of complete sheaves B'^^'Aisiv) is instrumental in studying the 
intersection theory on moduli spaces. Indeed, it plays a central role in the proof of 
Theorem |^. This is not surprising, considering the important role played by complete 
collineations in classical enumerative geometry. B^^^A4s{v) is different in general from 
the closure of the graph of the birational isomorphism in Ai{v) x Jli[a{v)). The latter 
is the moduli space of coherent systems (^^(^(f ), A^(o"(f ))) discussed in section The 
two are equal only in the case of a Mukai elementary transformation, i.e., when fi{v) < 1. 
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While both moduli spaces are useful in the proof of Theorem |I], it is the moduli space of 
complete sheaves which admits the full recursive structure which makes transparent the 
analogy with dual Springer resolutions of nilpotent orbits. 

A correspondence inducing isomorphism of cohomology rings: 

Birational hyperkahler varieties M', M" are especially similar (under mild conditions 
which are satisfied by our stratified elementary transformations): There exists a family 
M. of hyperkahler varieties over the punctured disk with two extensions Ai' , Ai" to 

smooth families over the disk with special fibers M' , M" respectively Puy|| . Consequently, 



the Hodge structure, the cohomology ring structure and all continuous invariants of M' 
and M" coincide. The Hodge conjecture suggests the existence of a correspondence (an 
algebraic cycle in M' x M") which induces the isomorphism of Hodge structures. This 
correspondence contains the closure of the graph of the birational isomorphism as a 
component. It is easy to see that there are other components. For example, we saw that 
J3 and S^3] 

are birational a{J3) = S^^] 

(see Figure |l|). The g-th. symmetric product C^^' 
of a smooth member (curve) C of |(9s(l)|, is a subvariety in S^^^. The birational image of 
(jia] in jg jg ^i^q Jacobian which has self intersection 0. However, the self intersection 
of Ct^] in S^^^ is ( ) . Recently, progress has been made in understanding the ring 
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structure of the cohomology of the Hilbert schemes |[ES|, [Leh|| . In order to translate this to 



an understanding of the cup-product in the cohomology of birational components such as 
cr(5't"l), one needs to compute explicitly the isomorphism if*(5''"^,Z) H*{a{S^^^),'Z). 

Theorem 2 Let {M{iy} < > {^^(0"'} ^ stratified elementary transformation be- 
tween two stratified dualizable collections associated with irreducible projective symplectic 
varieties M = M{0)^ and W = W{0)^. Then, the natural isomorphism H*{M,7j) = 
H*{W,Z) is induced by a correspondence which, as a cycle A in M x W, is a sum 

A =Ao + ^Ai (4) 

t=i 

where Aq is the closure of the graph of the birational transformation M ^ W and At is 
the closure of the fiber product M* Xa/(() of the two grassmannian bundles. 

Note that the dimension of A^ is equal to dim(M). The Theorem is proven in Section 



4.2. A few applications of Theorem are discussed in Section 5.2 



Auto-equivalences of the derived category: 

Let 5 be a K3 surface and consider the group G of Hodge isometrics of the Mukai 
lattice H{S, Z) of S. These are integral isometrics which send if^'°(S') to itself when the 
lattice is complexified. Any Hodge-isometry leaves the algebraic sublattice Haiq^S, Z) 
invariant. If (f) restricts to the identity automorphism of HAig{S, Z) then it is induced by 
an automorphism of 5* (the Torelli theorem). It follows that G fits in the exact sequence: 

^ Aut(S, Pic(S)) ^ G ^ Aut(HAig(S, Z)) ^ 0. (5) 
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Let Goer be the group of (covariant and contravariant) auto-equivalences of the bounded 
derived category of S. We have a map 

r]:D\S) H{S,Z) 

i 

sending an object represented by a complex (Fj, di) to the Mukai vector of the associated 
class in K-theory, i.e., to the alternating sum of the Mukai vectors of its coherent sheaves. 
Notice that r] is equivariant with respect to the cyclic subgroup (T) C Goer generated by 
the translation auto-equivalence T : D^{S) D^{S) once we send T to —Id G G. Orlov 
proved that there is a surjective homomorphism 

GDer/iT'') ^ G. (6) 

Any auto-equivalence $ of the derived category D^{S) induces a Hodge isometry of 



H{S,Z) and t] is 0)-equivariant ( ||0r| , Theorem 2.2). Moreover, any Hodge isometry 
can be lifted to an auto-equivalence of the derived category D''{S) { ||0r|| , proof of Theorem 
3.13). For example, 

1. Tensorization by a line bundle 7 on S" is induced by the Fourier-Mukai functor 

L 

R7i2^S ® vr^(-) : D (S) — i> D (S) associated to the sheaf S on S x S where S is 
supported on the diagonal as the line bundle 7. 

2. The Hodge-isometry — r (r as in Theorem |l|) is induced by the Fourier-Mukai 
functor associated to the ideal sheaf of the diagonal. 

3. The Hodge isometry — cr o r is induced by the contravariant involutive functor 
Rnomsi-,Os) : D\S) D\SyP. 

Assume that the K3 surface S has a cyclic Picard group and let us introduce yet a 
third group Gbir- Let 

Msi») ■= li{Msiv) : V e HAigiS,Z) is a primitive Mukai vector, {v,v) > -2} 

be the disjoint union of moduli spaces of stable sheaves on 5* with primitive algebraic 
Mukai vectors of non-negative dimension. Note that these moduli spaces are all smooth 
and compact. We use the convention that, if rank(v) < 0, then Msi'v) is equal to 
•Ms{—v). The group Gbir is defined to be the group of all possible lifts of elements of G 
to birational automorphisms of Aisi*)- A natural question arises: 
Question: Does the homomorphism ^ factor through Gbir ? 

The Fourier-Mukai functor lifting an isometry to an auto-equivalence sends, in general, 
a stable sheaf to the class of a complex supported at more than one degree. Nevertheless, 
there seems to exist, at least, a surjective homomorphism Gbir G. Clearly, Pics and 
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Aut(S) lift to Gbir- The element —Id lifts, by definition. Theorem |1| suggests that the 
Hodge isometries a and r lift to Gbir- In the Theorem the lift is carried out only for 
the collection with ci = Os{^), but our definitions of a and r on the Zariski open Brill- 
Neother stratum seem to extend to birational isomorphisms for other values of ci. If 
indeed a and r lift, then the image of Gbir ^ G has at most a finite index (and is 
surjective if g = 2). This follows from the exactness of (|^) and the fact that {—Id, a, r} 
and Pics generate a finite index subgroup F of the group of isometries of the rank 3 

lattice HaiJS, Z). li g = 2, T is the whole group, but in general it is a proper subgroup. 
For example, if g = 7 the isometry 





is not in the subgroup F because any isometry in F takes (0, 0, 1) to a vector (r, d, s) 
such that {g — 1) divides exactly one of the two integers {r,s} and is relatively prime to 
the other. 

A much harder problem would be to resolve the birational isomorphisms in Gbir- It is 
natural to try to generalize our results to other reflections of the Mukai lattice. The group 
of isometries of the rank 3 lattice Haiq^S, Z) contains a finite index subgroup W d G 
generated by reflections with respect to Mukai vectors with = ±2. In fact, setting 

a' := o a o and r' := C(l) o r o we have the equality 

0(2) = a'r'ar G W. 

Our results suggest a relationship between dual pairs of hyperkahler resolutions of singu- 
larities and reflections in G^r- While at the level Ci = 0{1) the reflections a and r corre- 
spond to Springer resolutions of a nilpotent orbit with a simple (well ordered) stratiflca- 
tion, it seems that for other values of Ci more complicated singularities will arise. It would 
be interesting, for example, to interpret the resolution A^5(l, 0, 1 — n) = S"'"! Sym'^S 
of the symmetric product as a special case of a lift of some reflection (r ?) to Gbir- 

The rest of the paper is organized as follows. Sections ||, |^, and | are devoted to 
the general study of stratifled elementary transformations. In section ^ we construct the 
stratified elementary transformations. Section Q contains the background information on 
determinantal varieties needed for the proof of the construction. In section § we complete 
the proof of the construction. We also prove Theorem |^ identifying the correspondence 
inducing the cohomology ring isomorphism. Section ^ is devoted to our main example, 
the moduli spaces of sheaves on a K3 surface. The organization of section || is described 
at the beginning of that section. 

Acknowledgments: It is a pleasure to acknowledge fruitful conversations with D. 
Cox, R. Donagi, B. Fantechi, L. Gottsche, V. Ginzburg, D. Huybrechts, S. Kleiman, 
I. Mirkovic, T. Pantev and M. Thaddeus. 
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2 Stratified Elementary Transformations 



In section |2.1| we introduce the prototypical example of the symplectic birational iso- 
morphisms considered in this paper. In section we introduce a global analogue for 
projective symplectic varieties. 



2.1 Dual resolutions of the closure of a nilpotent orbit 

Let if be a vector space of dimension h, t < h/2 an integer and consider the natural 
morphism tti : T*G{t, H) —>■ End(H) onto the closure A/"* in End(II) of the nilpotent 
orbit A/"* of square- zero nilpotent elements of rank t. The natural isomorphism End(H) = 
End(II*) provides another resolution 

T*G{t,H) ^ W <^ T*G{t,H*). (7) 

There is a simultaneous deformation of (|^) over C which smoothes AT* away from 
the special fiber and deforms vTj to isomorphisms. The cotangent bundle of G{t, H) 
is isomorphic, as a bundle of Lie subalgebras of Snd{HQ(^t H)), to the nilpotent radical 
of the corresponding parabolic subalgebra VG[t,H) C £nd{HQ(^t H))- We have a unique 
non-trivial extension 



- T^it,H) - E{H) ^ OGit,H) - 0. (8) 
A non-zero section 7 of OG{t,H) determines a symplectic T^^^ torsor embedded in 
E{H). does not have any section. Hence the lagrangian zero-section of ^^(tH) does 
not deform. The vector bundle E{H) admits an embedding as a bundle of subalgebras in 
End(HG(t,H))- Each point in G{t, H) determines a decomposition of the Levi factor of the 
parabolic subalgebra (with ranks t and h — t). E{H) is the subalgebra of VG{t,H) which 
projects to the center in the first factor and to zero in the second factor. In other words, 
E{H) is the subalgebra of endomorphisms leaving the subbundle t{H) invariant, whose 
image in Snd{T{H)) is a scalar multiple of the identity and whose image in Snd{q{H)) 
is zero. The morphism E{H) — * End(II) restricts to an embedding of X^, 7 7^ 0, as a 
smooth closed orbit. 



The birational isomorphism (0) is a special case of the setup of Section p.2| . Consider 
the square (t + 1) x (t+1) upper triangular matrix whose rows are the determinantal 
stratification of T*G{k, H), < k < t, indexed as follows. T*G{k, H) is isomorphic 
to the homomorphism bundle T-Com{qk,Tk) from the tautological quotient bundle to the 
tautological sub-bundle. The generic point corresponds to a surjective homomorphism. 
T*G{k, Hy denotes the locus with ^-dimensional cokernel. 



10 



/ T*G{t,H) D T*G{t,Hf 

i 

T*G{t-l,H)D T*G{t-l,Hy 

i 

T*G{t-2,H) D 



DT*G{t,Hy \ 
T*G{t-l,Hy-^ 
T*G{t-2,Hy-^ 



( 



i 

AT* D 



i 



AT*-! D 



i 

T*G{0,H) 
i 
{0} 



(9) 



Above, T*G{0, H) is a point. For the sake of compatibility with the notation in the 
following sections, set n := h—2t+ 1 and fi = t. We have a natural G{r, n+2r— l)-bundle: 



ft,. : [T*G{t,HY\T*G{t,H) 



[T*G{t-r,H)\T*G{t-r,Hy], < r < /i. (10) 



[T*G{t, Uy \ T*G{t, HY'^^] is isomorphic to the Zariski open stratum in the homomor- 
phism bundle nom{qh-t+r, n-r) over Flag{t-r, t, h-t+r, H). [T*G{t-r, H)\T*G{t-r, HY] 
is isomorphic to the Zariski open stratum in the homomorphism bundle T-Com{qh-t+r , Tt-^) 
over Flag{t-r, h-^+r, H). Flag(t-r, t, hr-t+r, H) is isomorphic to the bundle G{r, Th^tM-/ Tt-^) 
over Flag{t — r, h — t+r, H). The morphism (|T0|) is the pullback of the morphism 

Flag{t-r, t, h-t+r, H) Flag{t-r, h-t+r, H) 

and is hence a Grassmannian fibration. In a similar fashion, every entry in each column 
admits a rational morphism to the symplectic diagonal entry in that column. Observe 
that the morphism to A/"* contracts these grassmannian fibrations. 

In this paper we show that the birational isomorphisms (|^ describe the local structure 
of the birational isomorphisms of moduli spaces of sheaves in Theorem |20|. This fact 
depends heavily on the condition ^ imposed on the first Chern class. It is plausible that 
the structure of birational isomorphisms of moduli spaces of sheaves with a more general 
first Chern class would also admit a group theoretic model. There is a generalization of 
the above construction valid for a nilpotent orbit M-q in End(H) associated to any partition 
:= (pi > P2 > ■ ■ ■ > Pk) of h. In the general case there are many Springer resolutions of 
the closure A/"^ but they come in dual pairs. Given a partition 77 we get a Young diagram 
whose i-th. row consists of Pi boxes. The dual partition 17 = (pi > ^2 > ■ ■ • > Vm) 
is defined setting pi as the length of the i-th column of the diagram of rj. Choose a 
permutation 6 G Sym„ and set n{6) := {rii < n2 < ■ ■ ■ < rim-i) where 



Hi 



i=l 
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Then the cotangent bundle T*Flag{ni, . . . ,nm^i, H) is a resolution of the closure AT^ 
where A/",, is the nilpotent orbit of matrices whose Jordan canonical form has k blocks 
and the i-th block is a regular nilpotent pi x pi matrix. The analogue of (0) is then 

T* Flag{ni, . . . ,nm-i, H) J\fn ^ T* Flag^h — rirr^i, . . . , h — rii, H). (11) 

The recursive structure of a Flag variety as a Grassmannian bundle over a smaller flag 
variety suggests an inductive way to reduce the study of (|ll]) to that of It seems 
likely that the work of Thaddeus [p?h2|] could be generalized to exhibit the collection of 
birational varieties FT* Flag{n{9) , H) , 9 G Sym^, as different geometric invariant theory 
quotients associated to polarizations in different faces of a convex polytope. The torus 
acting is likely to be the center of the Levi factor of the parabolic subgroups in SL{H). 

2.2 Construction of stratified transformations 

Determinantal stratifications of symplectic varieties tend to have a recursive structure. 
Roughly, the recursive structure arises by taking the quotient of each stratum by the null- 
foliation of the symplectic form. In nice situations, these foliations are Grassmannian 
bundles. Dualizing them gives rise to a birational symplectic variety. We formalize the 
recursive setup is this section. 

Let n he a. non-negative integer, X{r), < r < /i a collection of smooth projective 
symplectic varieties and 

X(r) = X(r)° D X(r)^ D . . . D X{rY~' D X(r)^+^-^ = 

a flag of closed subschemes. We denote X{0) also by X and assume that X is connected. 
It is convenient to arrange the data in an upper triangular + x (/i-|-l)-matrix with 
symplectic diagonal entries: 

DX(0)* ■■■ dx{oy 
■ ■■ dX(i)^-i 

... 3X(2)^-2 (12) 
i 

X(^) 

We will assume below (in Condition ^ that every entry X{iy admits a rational morphism 
to the symplectic diagonal entry X{i+t) in the same column. This morphism is regular 
away from X(i)*'^^ and realizes 

X(^)*\X(z)« ^X{t+t)\Xit+tY 



X(0) D x{oyD 

I 

X(l) D X{iy D 

I 

X(2)D 
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Grassmannian bundle. 
We will sometimes denote the general X{r) by M and we set /u(M) := ^ — r, M* : = 
X{ry and M(r') := X(r + r'). Denote by 5^M*, t <k< /i(M) the blow-up of M* along 
the subscheme M'^. We introduce the following notation for iterated blow-ups: 

k = 12 Set ^l/^WlM* := S'^WM*, t < /i(M). 

t < /c Define recursively B^^^M*, t < k < /i(M) to be the blow-up of i?[''+^lM* along 
B^'^^^^M'^. Note that we used here recursively the base change property of blowing- 
up to conclude that ijI'^+^lM^ is isomorphic to the strict transform of in 
Blk+^M^ for all t < k. 

t = k We further denote by B^^^M^ the exceptional divisor in B^^^M corresponding to 

t> k Let B^^'^M^^t > khe the strict transform in E^M of the Cartier divisor Et'^+^lM*. 
If /X > 1, denote by n(M) the codimension of in M. 

Condition 1 dim(M(r)) = dim(M) - 2r[n{M) + r - 1]. 



Condition 2 (Quotient by the null foliation of the symplectic form) There exists a mor- 
phism 

fr,t:B^'+'^X{ry^X{r + t). (13) 

When using the notation M = X{r) we denote fr,t by ft. The morphism ft lifts to a 
smooth projective morphism 

ft: B^'+^^M' ^ B^^^M{t) (14) 
realizing B^^+^^M^ as a G{¥*-\¥''^^'^^+^^-^)-bundle. 



Lemma 3 i?[*+^]X(r)* is smooth. In particular, X(r)* \ X(r)*+^ is smooth. 

Note that the Lemma implies that each of the iterated blow-ups is a sequence of blow-ups 
of smooth varieties along smooth subvarieties. 

Proof: (of lemma ^ The proof is by descending induction on r + t. If r + t = fi 
then B^'-'+^X{ry'~'' = Xir^'"' and Condition | implies that B^^'-''+^^X{ry-'' is a 
Grassmannian-bundle over Since X(/i) is smooth, so is -B^' '''+^X(r). 

Induction step: Condition |^ implies that i?[*+^lX(r)* is a Grassmannian bundle over 
5WX(r + t). It suffices to prove that 5WX(r + t) is smooth. SWX(r + t) is the blow-up 
of B^'^^X{r + t) along B^'^^X{r + ty. By the induction hypothesis, B^'^^X{r + ty is smooth. 
Hence, so is S[^lX(r t). □ 
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Conditions |I] and imply the equality 

n{X{r)) = n + 2r. (15) 

A short calculation shows that we have an equality 

codim{M^, M) = codim{M\ M) + codim{M{tf-\ M{t)), for t<k< fi{M). (16) 

Observe that for t = 1 we get that /i : B^^^M^ B^^^M{1) is a P"(*-^)-bundle. 
Similarly, 

fr,i : 5[2]X(r)i ^ fiWX(r + l) 
is a P"'^^''-bundle. For 1 < r < /x, we denote the P"+^'"~^-bundle over SWX(r) by 

:= i?Plx(r - 1)\ (17) 

We do not assume that there exists a global vector bundle W^Biiix(r) on B^^^X{r) whose 
projectivization is FW^iiixi^r)- We will continue this abuse of notation and denote G{F''~^ jFW^iiix^r)) 
by G{k, W^mx^r))- section ^ X(r) will be a moduli space of sheaves on a K3 surface 
5* and over B^^^X{r) we may or may not have a vector bundle W^mx^r) whose fiber over 
a sheaf F is a subspace of H^{S, F). The existence of W^ii]x(r) depends on the existence 
of a universal sheaf. Nevertheless, PW^BWx(r) exists and is canonical. 

Condition 3 The G(P*-\ P"(^^)+2*-2)-&^xnd/e over B^^^M{t) is identified with the 
Grassmannian bundle G(t, lV5[i]jv/(t))- 

The identification in Condition ^ introduces on B^^^^^M* natural projectivised sub 
and quotient bundles of ft(^'^B\-^'\M(t)) which we denote by Pr^[t+iiM* ^^^d Pg^[t+ii^t. 
Denote the relative cotangent bundle of the Grassmannian bundle G{t,Wg[i]i^^(i-^) by 
{Q}G){t,WQ[l]J^^^^^) and its projectivization by {¥VL^G){t,W^[i]^.j(j.-^). 

Condition 4 The morphisms ft and ft are compatible with the stratifications. In other 
words we have equality of Cartier divisors on B^^^^^M^ : 

[fi[*+ilAf* n fi[*+ilM^] = f-^ {B^^^Mitf-') , for t + l<k< fi{M). 

(Compare Condition ^ with Theorem |^ part ^). 

The conditions above imply the following (compare with Theorem ^part 

Lemma 4 The symplectic structure of M induces a canonical isomorphism 

I t,{M) \ 

between the normal bundle of B^^^M^^^ in B^^'^M and the twist of the relative cotangent 
bundle of the Grassmannian bundle ft-i '■ B^^^M^^^ B^^^M{t — 1). 
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Proof: The case t = 1 is trivial as /o is the identity. Assume from now on that t > 2. The 
symplectic structure aM of M pulls back to a degenerate 2-form on iJ^M and restricts 
to a 2-form a^HM^^^-^ on E^M^-^ As ft-i : B^^^M^'^ B^^^M{t - 1) is a Grassmannian 
bundle, the 2-form a^itij^.jt-i vanishes on each fiber and hence it is a pullback of a 2-form 
on i?[^lM(t — 1). Contraction with ctm induces a sheaf homomorphism 

It is easy to check that vanishes along (S^M*^^) fl (fi^M^) for k > t. Hence, in 
(p!8|) is an isomorphism if and only if 

/ fiiM) 

det{NBit]M^-^/BWMy ^^f,_, ® ObWap-^ ~codim{M'-\M) ■ ^ B^'^M'' 

y k=t 

is the trivial line-bundle. The two short exact sequences 

T^WMt-i iTBWM)\g[t]j,jt-i ~^ ^bWnp-^/bWm 0, and 

imply that we have an isomorphism 

Since M and M{t — 1) are symplectic, we have the isomorphisms 

/MM) \ 
^BWM = ObWm Y1 {codzm{M\ M) - 1] ■ B^'^M^ , and 



k=t 



U{M{t-l)) 

^BWMit-i) = OsmMit-i) Yl [<^odim{M{t - l)^ M{t - 1)) - 1] ■ 5WM(t - 1)'= 

y k=i 

Condition | and equation (0) imply that the right hand side of (|19D is the line-bundle 



m(m) 

ObWm'-i ( codim{M'-\ M) ■ ^ S^M*^ | . 

k=t 



i: 

This completes the proof of Lemma |. □ 

As a consequence of the lemma we see that nt : E^M* B^^+^^M^ is identified with 
the projectivised homomorphism bundle PHom(qB[t+i]]vit; Tgit+iiMt)- 
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B[t]M' = PHom(qB[t+i,M., T-Bit+iiMt). (20) 
In fact, the following all denote the same space: 

S^M* = FN^mMt-i/BrnM = = im^G){t,WBii]M(t)) = PHom(qB[t+i]Mt; rB[t+i,Mt). 

Consequently, i^^M* admits two canonical stratifications. One stratification is induced 
by that of B^^'^M, namely. 

The other stratification is the determinantal stratification indexed by the nullity of the 
homomorphisms 

FRom{q,T)^ := {if \ min[nullity(v?), nullity((/?*)] > k}. (21) 



The inequality rank(qB[t+i]]vit) = n(M) + 1 — 1 > t = rank(rB[t+iiMt) translates (pl|) to: 



PHom(qB[t+ii]yit; T^[t+i]y[t f := {(fi I nullity(y?) > k + n(M) -1 }, 0<k<t-l. (22) 

Condition 5 The two stratifications coincide scheme theoretically: 

PHom(qB[t+i]Mt; T-Bit+iiMt)'' = (B^M* n B^M"^) , < k < t - 1. 

(Compare Condition |^ with Theorem part |^). 

Definition 5 A collection of stratified quasi-projective schemes 

{X{ryjr,t\ 0<r<fi, 0<t</i-r} (23) 

satisfying all the conditions above will be called a symplectically dualizahle stratified 
collection or a dualizahle collection for short. 

Note that if the collection (|12]) is dualizahle, then the sub-collection obtained by 
deleting the top row is also dualizahle. 

Theorem 6 Given a symplectically dualizahle stratified collection {X(r)*, f^. t] with X = 
X(0)°, there exists another dualizahle collection {y{ry,frt} wi^h Y = F(0)°, n{Y) = 
n{X) and fJ^{Y) = yu(X) satisfying 

1. The full iterated hlow-ups are isomorphic 

Qr : 5WX(r) ^ 5Wr(r), < r < /i. 
These isomorphisms restrict to isomorphisms on the exceptional divisors 
qr,t ■■ 5WX(r)* ^ fiWF(r)*, < t < - r. 
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2. The two -bundles FW^mxir) and PM^eWyM 

: fiPlF(r - 1)1 ^ fiWr(r) 
are (itxa/. /n ot/ier words, lifts to an isomorphism 



(24) 



3. We have a commutative diagram of isomorphisms (for I < t < fi — r) 



Qr,t 



{B^'WG){t,WB[i]Y 



where the right vertical isomorphism is the relative transposition isomorphism (see 
section 



We will refer to the collection {F (r)*, ^} as the dual collection. The proof of Theorem 
^ is carried out in section ^. 



3 Determinantal Varieties - Background 
3.1 Blowing up determinantal ideals 

We recall Vainsencher's results about blowing up determinantal ideals. Let Vq and Vi be 
vector bundles over a scheme M of finite type over C. Given a vector bundle E over M 
we denote the tautological exact sequence over the Grassmanian bundle G{i, E) by 

^ n{E) ^ ^ q^{E) ^ 0. 

Given another vector bundle F we denote by T-Com{qi{E), Tj{F)) the corresponding vector 
bundle over G{i,E) G{j,F). We index the determinantal loci in P7iom(Vo, Vi) as 
in ([2l| ) in terms of co-rank. (Inxeding by rank would simplify the notation in Theorem 
1^ but would be cumbersome in the context of Brill-Noether stratifications of moduli 
spaces of sheaves.) Denote the intersection i?Wp?iom(Vo, Vi)-^ fl B^'^^F'Hom{Vo,Vi)'' by 
B^^FHomiVo, ViY^''. 



Theorem 7 ( / | Vairl{j Theorem 2.4) 
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2. Let Xi he the product of the invertible ideals JB^^^^FT-ComiVo, V^i)^, k = . . . , ri— 
1. Then the conormal sheaf N* of B^^+^^rHomiyQ.ViY zn B^'+^^FHom{Vo,Vi) zs 
isomorphic to Xj ■ C(l) ® 7iom(rro_ri+i(Vo), f7ri-j(Vi)). 

3. LetZii) heGir^-i^Vo) XMG{i,Vi). For i < k, B^^¥Hom{yo,Vif = 
B^^Fnom{rr,,-r,+kiVo), qr,-kiVi)) ^z{r,~k) 5WP7i:om(g,„_,,+fc(K)), r,,_fe(\/i)). 
Moreover, under this identification, we have ^^I'^'iFnomiVo Vi)*= ~ ^i^) ®^k^- 

4. Fork>i>0, B^^^^¥nom{Vo,Vi)''''' = B^^^^¥nom{qr,^^^{Vo) , Tr,^{Vi))^-^ = 

5. B^^momiVQ.ViY''' = 

Fnom{Tr^.,^iVo),qr,^{Vi)f Xzir,-^) 5 W P7^om(g,„_,,^^ (Vq) , T,,,^ ( V'l) ) fort> k. 

6. (JS[^ilPHom(K„V^i)')-0BHP7^o™(Vb,i^i) = (X5WP7^om(yo,^i)')-(2:5[^lP7^om(K,,ri)') 
for i > k. 

7. For k > j, B^^^FHomiVo, Vi)''^^ = 

B\j^^Fnom{Tr,^,+, (Vo), qr,-jiV,)) x zq) 5[2]p7^om(g,,^,+, (Vo), r,,-,- ( V^i) = 

(Vo) , (Iri-k(yi)y Xz(ri~k) B^'^^FHom{qro-^^-i^{Vo) , Tr^-kiVi)) . 

The iterated blow-up i?['^+^]PHom(Vo, Vi)'^ has several beautiful modular interpreta- 
tions: as a space of complete coUineations, as a closure in the fiber product of Grass- 
mannian bundles ||Vain| , P^ak2| , |KT|] , and three new modular interpretations discovered in 

EH- 



i-k+l 



3.2 Transpositions 

Let H be an /i- dimensional vector space. The cotangent bundle T*G{t, H) of the Grass- 
mannian of t-dimensional subspaces of H is isomorphic to the homomorphism bundle 
Hom(q, r). We obtain a natural determinantal stratification of FT*G{t, H). Similarly, 
we have a natural determinantal stratification of FT*G{t, H*). Assume that h > 2t. We 
construct in this section a canonical isomorphism 

B^^^FT*G{t,H) ^ B^^^FT*G{t,H*) 

between the two iterated blow-ups. Notice that Flag{t, h — t, H) and Flag{t, h — t, H*) 
are isomorphic and under this identification we have the isomorphisms Tt{H) = ql^^{H*) 
and Th-t{H) = ql{H*). The birational transposition isomorphism "factors" through 

FT*G{t,H) ^ F (^[n{H) ® n{H*)]y^^^^^^^_^^„^ FT*G{t,H*). (25) 
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The whole construction works in the relative setting in which if is a vector bundle 
over a base Z. For each pair of integers (t, j) satisfying < t < | and < j < t + 1, we 
get 

(5[-'¥f]^G')(t,if) ^ G(t,H) Z. 
For j = t and j = t + 1 we set 

{B^'^FQ^G){t,H) = {m^G){t,H), and 
{B^'+^^FQ^G){t,H) = G{t,H). 

For < j < t — 1, {B^^¥il^G){t, H) is the iterated blow-up of the determinantal stratifi- 
cation of {m^G){t,H). 

Propositions {BWm'G){t,H) = ([n(ii*) ® n(ii)]|^,^^(^ = {B^'^Fn'G){t, H*) 

Proof: Theorem |^ part |I| (with i = 0, Vq = qt{H), and Vi = Tt{H)) implies the identity 

B^'^Fnam{qt{H),n{H)) = BmFnom{qj,_2t{qtiH)),Tt{H)). 

But Flag{t, h — t, H) is isomorphic to G{h — 2t, qt{H)). □ 
We denote by 

the rank h — 2t bundle over the full iterated blow-up {B^^^Fn^G){t, H) obtained by pulling 
back the bundle Th-t/'Tt from Flag{t, h—t, H). 

Given a third integer i satisfying 0<i<t — Iwe get the variety {B^^¥^l^G){t, Hy 
which is the strict transform of the strata {FQ^G){t, Hy under the iterated blow-up. The 
following identity will be useful in section ^: 

Lemma 9 There is a natural isomorphism for j < i + 1 

{By^¥n'G)it,Hy = iB^'^m'G)i^,W^^l^,^^^a)it-^,H))■ 

In particular, for j = i and j = i + 1 we have a commutative diagram in which the 
horizontal morphisms are isomorphisms 



{B^'^m^Gyt^Hy ^ {m^Gyt^w^j^nu 



(26) 

{^B^i+^^¥^l^Gyt,Hy — G{l,W^^Bm^.a)it^^,H))■ 
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Proof: Theorem part |, and the identity Xz G{h-2t + i, qt{H)) = 

Flag{t-i,t, h-t+i, H), imply that {B^^Fn'^G){t, is isomorphic to 
B'^^^Fnom{Th^2t-H{qt{H)), qt-i{Tt{H))) x Fiag(t^,t^-tM,H) B^^^rHom{qh^^{H) , rUH)). 
The latter is B^^^¥Q}G (i, W^B[i]p-Hom(gh_t+i(H),Tt_i(_ff))) • Theorem |^ part ^ (with i = 0) iden- 
tifies B^^¥nom{qh^t^{H),Tt^{H)) with {B^^^m^G){t-i, H). □ 

Theorem |^ and Lemma ^ imply that the stratified collection 



DPn^G{t,Hy-^ 

PVt^G{t-l,Hf ■■■PQ^G{t-l,Hy-'^ 

pn^G{t -2,H)D ■■■ pn^G{t - 2, Hf-^ y^') 

pn^G{i,H) 

is dualizable in a sense analogous to that of Definition |[ Proposition || identifies the dual 
collection as the one associated to H*. Note, however, that the diagonal entries of ( pT]) 
are (fibrations over the base scheme Z of) contact (rather than symplectic) varieties. 

Denote by t^i^^jj^-^ and q'Qt^tu*^ the tautological sub- and quotient bundles. Let h : = 
h(f-QiG){t,H) (resp. h' := h(f>fiiG){t,H*)) be the tautological line sub-bundle of /3jHom(q, r) 
(resp. /3f Hom(q', r')). 

Lemma 10 Over (i?Wpf2^G)(t, i7) we have a natural isomorphism 

(3*h(pQiG){t,H) — (3'*h(pfiiG)(t,H*)- 

Proof: The bundle ® Tt over Flag{t, h — t, H) is a subbundle of the pullback of both 
Hom(q, r) and Hom(q', r'). Working over the three spaces in ( pSj ) we see that both h and 
h' pullback to the tautological line subbundle of the pullback of r/ ® Tt to P[r/ ® r^]. □ 

The proof of Theorem |] will require an extension of Proposition If the base 
scheme Z is a point, the cotangent bundle of G{t, H) admits a non-trivial extension 
E{H) (see (|)). The complement [FE{H) \ {m^G){t,H)] parametrizes C^-orbits of 
idempotents and maps isomorphically onto the Zariski open subset in G{t, H) x G{h—t, H) 
of decompositions of H. We have a relative analogue of the extension (H) over any base 
Z. Over G{t, H) Xz G{h — t, H) we have a canonical homomorphism 

a:n{H) ^ qh-t{H). (28) 

It is the composition of the injection Tt{H) ^ H with the projection j : H ^ qh-t{H). If 
the pair Tt{H) and Tf^t{H) provides a decomposition of H, then a is an isomorphism and 



pn^G{t,H)D pn^G{t,Hy 

PQ^G{t-l,H) D 
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{j oa'^) is the projection to Tt{H). The restriction of a to the flag variety vanishes. The 
section a is transversal to the (affine) determinantal stratification of the affine bundle 
'Hom{Tt{H) , qh^t{H)) . We get a determinantal stratification of G{t,H) Xz G{h — t,H). 

Proposition 11 There is a canonical isomorphism 

B^^¥e{H) = B^^^[G{t,H) XzG{t,H*)] = B^^¥e{H*). 

Proof: i?WP£'(if) is smooth because the stratification ofW'E{H) is supported on its divi- 
sor ¥T*G{t, H). B^^^[G{t, H) x zG{t, H*)] is smooth because each determinantal stratum 
in G{t, H) Xz G{t, H*) is smooth away from the next stratum and has the expected di- 
mension. If we regard FE{H) as a subbundle of F[H* C?> t^] , then Theorem ^ part |l| implies 
that there is a regular morphism from B^^^¥E(H) to G{t, H) Xz G{t, H*). An inductive 
application of the universal property of blowing-up implies that the morphism lifts to 
Xz G{t,H*)]. It is easy to check that the lift is an isomorphism away from 
codimension two. By purity of the ramification locus, the lift must be an isomorphism. 
□ 

3.3 The Petri map 

In this section we assume that M is a smooth algebraic variety. Let 

e:Vo-^V, (29) 

be a homomorphism of vector bundles over M. Denote by rj the rank of Vi and Assume 
that e is generically surjective (in particular the inequality > ri). Let 

M = M° D D ■■■ D M^" (30) 

be the determinantal stratification. Over M'^\M^'^'^ we have two vector bundles ker(e|^^j^^^^ 
and coker(e|^,^^,+J. 

Lemma 12 /§, lACGIj] 

1. There exists a canonical homomorphism of OMt\NP+^-''^odules 

<f>:TM0 ker(e|^^,^^^,^J ^ coker(e|^^,^^^,^ J. (31) 

Given a point f in the fiber o/ker(e|^^j^^^^^j) at x E M* \ M^'^^ and a tangent vector 
^ G Ta;M|^^j^^^^^j , their image 0(^ ® /) is the first order infinitesimal obstruction to 
extending f as a section o/ker(e) in the direction of C,. 
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2. If has the expected dimension and 

G{ro -n + t, M*) := {{x,W)\ We G{ro -n+t, ker(e^))} 
is smooth, then the tangent cone of at x e \ M^^^ , k > t, is the subscheme 

k+l-t 

of TxM of zeroes of the section A ^x- Here we interpret (p^ as a section of 
the vector bundle ifom(ker(ea;.), coker(ex)) ® OtxM overT^M. 

3. As a section of 

is equal to the section obtained from the dual homomorphism 

e* : Vq*. 

Part of the Lemma indicates that the expected dimension of M* is 

p(t) := dim(M) -t(ro -ri + t). (32) 

3.4 Blowing up the smallest stratum 

Let 

: B^M' ^ M*, < t < p - 1, (33) 
be the blow-up of M* along M^. Pulling back ( |29D we get the homomorphism 

P;ie) : (3;Vo ^ /3;V,. (34) 

It defines a determinantal stratification 

B^'M = /3-^M° D D ■ ■ ■ D /3^^M^ D 

which is the totaZ-transform of the stratification (^0|). 

Next we perform an elementary transformation of ( |3^ whose determinantal stratifi- 
cation is the sinci-transform of (|30D . Let 

B>^Vo := P;Vo 

B^V, := ker(/3;\/i^/3;coker(e|^J). 

E := I3~^M^ is a Cartier divisor on B'^M and /5*(e) has constant rank over E. Thus, 
B'^Vi is locally free. We get a natural homomorphism 

B^'ie) : B^'Vo B^Vi. (35) 
It defines a determinantal stratification 

B^M = B^'M^ D Bi'M^ D ■ ■ ■ D B^'M^'^ D {B^'MYiB^e) D 0. (36) 

If = 1 and n{M) = 1 then M ^ is already a divisor on M. In that case : B'^M — > M 
is the identity, however B^Vi is different from Vi and B'^{e) is different from e. 
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Lemma 13 The subschemes B^M^ , < t < fi — 1 in the stratification ^3d{ ) are the strict 
transforms of the subschemes M* in the stratification 



In general, the subscheme {B^M)^{B'^e) may or may not be empty. 

Proof: The Lemma holds for a general determinantal stratification over a scheme of 
finite type over C (without assuming smoothness). The Lemma is a reformulation of 
Theorem |^ part ^. The homomorphism e fits in a commutative diagram: 

S^M — 5^PHom(Vo,Vi) 

/3 [ (37) 

M PHom(Vo,Vi) 

Above, Pe is a closed immersion and its image is disjoint from the loci PHom(Vo, Vi)' for 

all i > /i. The section e is the puUback of the tautological section e. The morphism P(e) 
is the canonical closed immersion (see |[Ha|| Corollary 7.15 page 165). The determinantal 
ideal-sheaves on M and and their strict and total transforms on B'^M are inverse im- 
ages of the corresponding ideals on PHom(Vo, Vi) and i?^PHom(Vo, Vi) via the closed 
immersions Pe and P(e). Hence, it suffices to prove the Lemma with M equal to the 
complement of PHom(Vo, Vi)^"*"^ in the bundle PHom(Vo, Vi) (renaming Vi ^ 0{1) by 
Vi and e by e). 

The determinantal locus M is the zero subscheme of A e. Its ideal sheaf Tjv/t is 
the image of 

(A Vo) ^ { A V,r Om. 



r-i-t+l 

The ideal of the total transform (3 Xm^ is the image of A /5*(e). Let Xt{B'^e) be the 

ri-i+l 

ideal sheaf which is the image of A B^e in Ost^M and let Ibi^ap be the ideal of the 
strict transform B^^M^ of M*. We need to prove the equality Isi^Mt = It{B'^e). The 
equality follows from the two equalities 

= XtiB'^e) ■ {lEr-'^' and 

The first equality follows from a short local consideration. The second equality follows 
from Theorem |^ part ^. □ 

Denote by 

:= En B^'M^ < t < /i, 

the induced stratification of E. We describe below the determinantal stratification ( ^OD 
of the exceptional divisor under the assumption that the smallest determinantal locus 
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M'^ is smooth and of the expected dimension. We will see that the determinantal strat- 
ification (|36|) of the blown- up homomorphism i?^(e) is shorter than the determinantal 
stratification of e. In other words, {B'^M)^{B^e) is empty. 



Assume that M is smooth and the lowest strata of (|30|) is smooth of the expected 



codimension /i(ro — ri + /i). By Lemma |T^, The Petri map of e is an isomorphism 

: Hom(coker(e|^J,ker(e|^^J) ^ N^^/m- (38) 
In particular, the exceptional divisor 

E := p-^M'' 

in B^M is isomorphic to the projectivized homomorphism bundle 

E = PHom(ker(e|^J, coker(e|,,J). (39) 
The exceptional divisor E admits two determinantal stratifications: 

E n {Bf'M = Bf'M^ D B^'M^ D ■ ■ ■ D B'^M^'-^ D {B^" MY {B'' e)} and (40) 

E^:={ri\ nuUity{ri) > k + ro-ri}. (41) 

The equality of the two stratifications (|40|) and (^T]) is proven in Theorem |^ part |^ (see 
also Lemma part ^ below). Denote by OpHom{ker(e| ),coker(ci ))(1) the relative ample 
line-bundle and let 

V : /3;ker(e|,,,J ^ (/?;coker(e|,J) (1) (42) 
be the tautological homomorphism. 

Lemma 14 1. The two line bundles CpHom(ker{e|j^^),coker(e|^^^))(l) o,nd Oe{—E) are 



canonically isomorphic. 
2. The composition 



P*Vo,^ B'^V^^^ /m(/5*e| J - /5Vo,^/ker(/?*e| J 
is the natural projection. 
3. The restriction of B^{e) to the subbundle /5* ker(e|^^^) 

i?'^(e)|,^^,^, : r ker(e|,,,) /?*coker(e|,, )(-E) (43) 
is equal to the composition of the Petri map with the codifjerential of j3 

/^*ker(e|„J ^-^ /?*coker(e|^J ® N^m/m "^-^ /?*coker(e|^J(-E). 



We used above the identification 
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4- The pullback (3*(t) of the Petri map of e is related to rj by the commutative diagram: 

/3*ker(e|,,J®/?*coker(e|,J* ^ /3* [NI,,./m] 

^^^^^^ (44) 
Oe{-E). 

5. Over E we have a canonical identifications 

coker(B'^e|g) = coker [rj : ker(/5*e|g) — > coker(/5*e|jj) ® (— E)] , 
ker(S^e|g) = ker [t] : ker(/?*e|^) cokeY{f3*e\J (g) (-E)] . 

6. The two stratifications (^7p and ( j^ j o/ coincide 

PHom(ker(e|^J,coker(e|„,J)* = E*. 

In particular, {B'^M)^{B'^e) is empty and B'^[e) has rank > rank(Vi) + 1 — n 
throughout B^M. 

Proof: 1^) The line-bundle NE/Bt^M is the tautological line-sub-bundle of P*Nmi^/m, 
while the line-bundle CpHom(ker(e|j^^),coker{e|j^^ ))(—!) is the tautological line-sub-bundle of 
/3*Hom(ker(e|^^), coker(e|^^)). We assumed that the two vector bundles Nmi^/m and 
Hom(ker(e|^^), coker(e|^^)) are canonically isomorphic. Hence, so do the two tautological 
line-sub-bundles of their pull-backs. 

H) is clear. 

^ Notice first that B'^Vi^^ is an extension 

^ /5*coker(e|,J(-E) ^ B^Vi,^ ^ rim(e|,J ^ 0. 

Clearly, B^[e) maps /?* ker(e|^^^) to /5*coker(e|j^^,, )(— E). Tracing through the definition 
of (j) shows the desired equality. 

^ rj* is the embedding of N'^j^^.j^j as a line-sub-bundle of P*Nmi^/m via d*p. 
^ Follows immediately from parts ||, ||, and H. 

^ Part ^implies that, over E, the ranks of (3*e and B^{e) are related by 

rank(B'^e) = rank(/3*e) -|- rank(?7). 

Hence the two stratifications coincide set theoretically. Moreover, the equality of the 
cokernels of r] and B^{e)\j^ implies that both stratifications are the determinantal strati- 
fications of a locally free presentation of the same sheaf on E. □ 
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Our construction of the elementary transform B'^e : B^Vo B^Vi was not symmetric 
in Vq and Vi. If we start instead with the dual homomorphism 

e* ■ V;, 

its blow-up 

B^'ie*) : B^'V^ B^'V^ 

maps the puUback B^^V^ := /?*(V7) to the elementary transform B^^Vq of (3*{Vq). Com- 
bining Lemma TA part ^ with its analogue for B^{e*) restores the symmetry: 



Corollary 15 1. We have canonical isomorphisms: 

ker(i?'^(e*)|,,,,,^,,,,,,,) = coker (B'^(e)|^,^,^^,^,,,)* (-E), 
coker(B'^(e*)|^,^,^^,^,,,) - ker (i?'^(e)|^,^^,^^,^^,,,)* 

Moreover, the sheaves coker ((B'^e*)*) (— E) and coker(B^(e)) are isomorphic glob- 
ally over B^M. Similarly, the sheaves coker ((B'^e*)) (E) and coker ((B'^e)*) are 
isomorphic globally over B^M. 

2. The Petri maps of B^{e) and B^{e*) are equal 

0e = 0e* : ker ( iB^e)\ , ,^,')®coker ( (B'^e), , V ^ T*B'^M| , 

Proof: 0) We have an injective sheaf homomorphism of short exact sequences: 

{^"V.r ^ {B^^V.r [/5*coker(e|^J]*(E) ^ 

B{e') B{eY rj* 

B^iV*) >■ P*V* ^ /3*ker(e|,,,J* . 0. 

We get the quotient short exact sequence 

coker(B(e*)) ^ coker((Be)*) ^ coker(r/*) 0. 

Lemma |14| part ^ (applied to e*) implies that the surjective homomorphism factors 
through an isomorphism 

coker((Be)*)|g coker(r7*). 

Hence, coker(B(e*)) is isomorphic to coker((Be)*) (8> (9bmm(— E) as sheaves over B^M. 

0) By Lemma part |^) it suffices to prove that the Petri maps of B^{e) and B^{e*)* are 
equal. Part |l] implies that the two Petri maps arise from two locally free presentations 
of the same sheaf (up to a twist by the line bundle OBt^M{E)). □ 
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4 Construction of the dual collection 

We have collected the background material on determinantal varieties necessary for the 
proofs of Theorems and 0. We prove Theorem is section . 



4.1 Proof of Theorem |^ 

The main facts needed for the proof are the existence of the relative transposition iso- 
morphism (Proposition and Lemma's ^ and |10|. Lemma implies that the normal 
bundle of the exceptional divisor B^''^Y{r)'' (which is to be blown-down next) restricts as 
(9(— 1) to the fibers of the ruling of B^''^Y{r)''. It follows that we can blow-down i?[^ly(r) 
along (r)'^. Lemma ^ is needed in order to identify the affect of this blow-down on 
the remaining exceptional divisors. 

Proposition 16 We construct, recursively with respect to k: 

i. Schemes B^'^^YirY, parametrized by integers {r,k,t) in the ranges < r < ij,{X), 
1 < k < n{X{r)) + 1 andO <t < fi{X{r)). We denote 5[^(^('))+i]F(r)* also by 
Y{ry andY{rf byY{r). 

a. Morphisms 

/;,,_i:SWF(r)'=-i^5Wr(r + fc-l), 

and 

Hi. blow- down morphisms 

P'k-i ■ B^''-^^Y{ry fiWF(r)*, 1 < A; < /i(X(r)) + 1, 

satisfying 

1. 5Wr(r)* := 5WX(r)*, /or < r < /i(X(r)) and Q < t < fi{X{r)). We define 
Piy^iiiyO) to be the dual PW^*[ij^(^.) of 

2. i?t'^ly(r) is a smooth variety. 

3. 5Wr( r)* is the scheme theoretic image of B^'^ ^^Y{ry via 

(3'j,_^ : B^^-^^Y{r) ^^^(r). 

4. Ifk< t, then 5Wr( r)* is a smooth divisor in B^'^^Yijr). 

5. The canonical line-bundle of B^'^^Y^r) is given by 

^ ObWym Y1 [codim{X{ry,X{r)) - 1] ■ fiWr(r)* . (45) 
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6. Ift>k then we have an isomorphism 

5Wr(r)* = (5Wp^]lG)(t, l^Biiiy(.+*)) (46) 
inducing isomorphisms of the exceptional divisors in i?t^ly(r)* 

5Wy(^)*n, ^ (5Wpf]iG)(t, /or j > k. (47) 

Moreover, we have a commutative diagram of blow-down morphisms 





5WF(r) 


u t 


t U 




fiWr(r)* 


= i 


i = 






i 


i 


5Wr(r+t) ^ 


5Wr(r+t). 


1, then we have an isomorphism 






W^BWY{r+fe-l))- 



7. Fort > k, the normal bundle NQik]Y(^ry /BWY{r) isomorphic to 



1=1 



(4^ 



(49) 



Above, the line bundle 

hsWYiry (51) 
on i?WF(r)* is the tautological sub-bundle of 

WtT {'Hom{q^lt+i]Y(ry,TBlt+l]Y{ry)) 

andFT^it+i]Y(^ry > IP'?_B[t+ily(r)* ^'^^ ■5'"^' ^'^^ quotient bundles o/(/'. J* (Piygiiiy^^, _,_()) 
(Here _B[*+i]y(r)* involves the abuse of notation introduced in Remark Note 
that although only the projectivization of Wqii]y^^_^_^-^ is defined, the vector bundle 
l-Lom{qQ[t+i]Y{ry-,TQ[t+i]Y{ry) is well defined. 
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Remark 17 The varieties B^''^Y{ry, being subvarieties of B^^^Y{r), are not defined until 
BWF(r) is constructed. Nevertheless, we will sometimes (ab)use the notation B^''^Y{ry, 
with t > k — 1, even before B^''^Y{r) is constructed. In that case, B^''^Y{rY will only refer 
to the variety {B^''^¥il^G){t, W^my^r+t)) without claiming yet that the latter is a subva- 
riety of ^^^(r). The isomorphism between (5Wpi]iG')(t, PFgdiyCr+t)) and 5['=lF(r)* is 
proven once B^''^Y{r) is constructed, (see (|4^) and (^91) ). 

Let us first compute the normal-bundles to the exceptional divisors in the iterated 
blow-ups of X{r). 



Lemma 18 Assume that i <t. Let j3 : i?WX(r) 
has been identified as the iterated blow-up 



i?t*lX(r)* be the iterated blow-up. It 



(3 : (5Hp^]lG)(^,^y5w^(,,+,)) ^ {m'G){t,Ws,.,^^,.^,^). 

Moreover, ^ : fiWX(r)* ^ 5[*+ilX(r)* is the bundle map (Fn^G){t,WB[i]x{r+t)) ^ 
G{t,WBii]x(r+t)) '^''^d fr,t is the bundle map fr^t '■ ^(^7 W^B[iix(r+t) 

) ^ fiWX(r + Let 

(resp. 13[, f'^-t) be the analogous morphism with respect to the dual vector bundle W^mY^r+t)- 
Denote by h^[t]x[ry the tautological line sub-bundle analogous to (5J_). Then, we have the 
following isomorphisms: 



1. N^[i\x{ry /By^x(r) isomorphic to 

13* { hBKxirY ® {fr,t ° Pt)* Oslllxir+t) 



/x(X(r+t)) 

- Yl B^'^Xir + tY 



k=l 



2. Over the top iterated blow-up, N^myi^ry /sWYir) (which is N^mxi^ry /Bmx{r)) is also 
isomorphic to 



( 



y(r+t) 



M{X(r+t)) 



Note that h^itiYtrY stands for /i(pniG)(t h'* ) (see Remark ^Dj)). 

Proof: |l]) The line bundle N^it]x(ry /BWx{r) is the tautological hne sub-bundle of the 
vector bundle (^B[t+iix(r)* /_B[*+iix(r)) and Lemma ^ identifies the latter as the homo- 
morphism bundle 



/.(X(r)) 



Hom(qB[t+iix(r)t,T-B[t+iix(r)0 - B[*+^]X(r) 



k=t+l 
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Hence, N^it]x(ry /BMx{r) is isomorphic to 



hsi^ixiry ® (- Et^=ti? Bl'^X{r)'^)\ . The mor- 

phism fr^t is compatible with respect to the stratifications up to a shift of indices by t 
(Condition ^). The case i = t of the lemma follows. The case 1 < z < t is an immediate 
consequence of the case i = t since the normal line-bundle N^iiix^ry /Bi^]x{r) is simply 
O^i.xirABl^XirY). 

0) Follows immediately from part m and the isomorphism /?* (/iBWx{r)t) — iP')* {^BWY{ry) 
which is proven in Lemma |l^. □ 

Proof of Proposition |1^: The proof is by induction on k. 

The case k = 1 : The morphisms /^q and /S'q are the identity morphisms. Properties |l| 
and are definitions. Properties 0, ^, and ^ are clear since 

Property ^ the isomorphism (^) is the transposition isomorphism when k = 1 since 



Blily(r+t) 



is FW 



BWX{r+t) 



(see Proposition 



ref 



(r+i)y 



{B^^^¥Q'^G){t,WBll]Y 



The commutativity of Diagram ( ^81) is clear since /3q is the identity morphism. Property 
1^ is verified in Lemma |18. 

Induction Step: Assume that B^^^Y{ry, frj-i, and were defined for j < k and 

that they satisfy the properties of the proposition. We need to construct (r)*, 



/' : S[^+i]F( 



BWY{r + k), and : B^^^Y{ 



j^[k+^Y(ry and prove that the 



satisfy the properties of the proposition. We first construct the blowing down of B^''^Y{r) 
along the exceptional divisor B^''^Y{r)'' (see ( p4D below). By the induction hypothesis 
(property H), sWy(r)^ is isomorphic to {FQ^G){k,WBii]Y{r+k)) ■ Define 

PI : fiWy (r)^ ^ G{k, Wsmnr+k)) and 



f':Gik,WsKy 



(r+k)) 



5Wr(r + A:) 



(52) 
(53) 



as the natural projections. (We will prove below that B^'^^^^Y (r)'' is isomorphic to 
G{k,WBii]Y(r+k)))- Property |^ and the induction hypothesis imply that A^'^My^j,)*: is 
isomorphic to 



Y{r+k) 



^l(X(:r+k)) 

- B^^^Y{r + ky 



1=1 



In particular, A'B[fc]y(r)fc restricts as C(— 1) to each fiber of (which is a projective space 
p[coAm(x(r)'=,x{r))-i]^_ Hcuce, there exists a smooth projective variety B^'^^^^Y{r) and a 
morphism 

(3i : 5l'=lF(r) ^ B^'^+^^Yir) (54) 
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which is an isomorphism away from B^^^Y(r)'' and contracts the fibers of ( |52D (see ||A4 
FN]] )- We get that the image B^'^+'^^Y (r)'' of ^^^(r)^' is isomorphic to G{k, Wj^iny^r+k))- 
Properties 0, and ^ follow. 

Verification of Property The induction hypothesis provides the isomorphisms 

^ (5l'=lpn^G')(t,PF^[i]y(,+t)), t>A; and 
^ (5[^¥^lG')(^,V^B[l]y(,+i))^ fort>A; 

(see ( ^71) and (|^)). Lemma ^ implies that the following diagram is commutative 



u t u t u T 

= i = i = i 

n i n i n i 

i?Wr(r)* ^ (i?Wpi]iG)(t,iy^Wy(,+,)) ^ (i?['=+ilPi7iG)(t,iy^,iy(,+,)) 

(55) 

(Diagram (^) with Pif = ^W^myi^r+t) is the middle right-hand square in diagram (|55D ). 
The morphism 6k is precisely the restriction of defined above (0). We see that both 
P'j^ : 5WF(r)* ^ B[fc+ily(r)* and 

ttfc : i?WF(r)* ^ (i?['=+llp^]lG)(^,l^Bmy(,+,)) 

(see diagram (|55D ) are isomorphisms away from the exceptional divisor i?[^]y(r)'^'^* and 
both are the blow-down morphisms determined by the same ruling of B^^^Y (r)^'^^ , namely, 
the contraction 7^ in diagram (^51) . Hence, the scheme theoretic image B^'''^^^Y{rY of 
5[*^ly(r)* is isomorphic to {B^^+^^m^G){t,WBii]Y(r+t)) 

and diagram (|^) is commutative 
also for Note also that the right hand column of diagram (|55D consists of the spaces 
(top node), B^''+^^Y (r)''^^ (middle two), and 5'^+^lF(r)* (bottom node). The 
isomorphism ( ^Tj) follows also for the k + 1 case. 

Verification of Property ^ : Follows immediately from (^). 

Verification of Property ^: The morphism PI in (|5^) is the blow-up of B^''^^^Y(r) along 
B^^^^^^Y (r)^ . Hence, the canonical line bundle uj^ikiyM of 5WF(r) is 

[(/3D*(a;5[.+i,y(,))] {+[codim{X{r)',X{r)) - 1] • fiWr(r)'=) . 



By the induction hypothesis, u^ikiyi^r) is identified in (|i5|). The injectivity of the pullback 
homomorphism 

(/?^)* : Pic(B^+^]Y(r)) Pic(BHY(r)) 
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implies that UQ[k+i]Y(r) is identified by (^) replacing k hy k + 1. 

Verification of Property |^: We need to prove that the normal line-bundle NQik]Y(ryy i-^-, 
OBWy(^)t(5Wy(r)*), is a pullback of the line bundle A on ^^^(r)* specified 

in Here, EWr(r)* denotes the space {FQ^G){t,WBii]Y(r+t)) (see Remark [l^). We 

know that 0^[k]Y(^^.y{B^''^Y{ry) pulls back to OQ[i]Y(^ry{B^^^Y{ry). In step = 1 it was 
shown that OB[iiy(r)t(5f^'>"(^)*) is the pullback (/5'W)*(v4). Thus, both and 
OB[fe]y(^)t(5Wr(r)*) pull back to the same line bundle on i?Wy(r)*. Property follows 
from the injectivity of the pullback homomorphism 

Pic(BMY(r)*) ^ Pic(BWY(r)*). 

This completes the proof of Proposition |16[ □ 

Property |5| of Proposition p!6| implies that y(r) := i^t^'^-''^ ('"))+!] y(r) has a trivial canon- 
ical line-bundle. Hence, Y{r) is symplectic. This completes the proof of Theorem ^ 



4.2 Isomorphism of cohomology rings 

We prove Theorem ^ in this section. In the case of a Mukai elementary transforma- 
tion, the theorem follows easily from the work of Huybrechts ( [[Huy|| Theorem 3.4). The 



stratified case is analogous. The main ingredients of the argument are: 

1. (A stratified version of Huybrechts' trick) The stratified elementary transformation 

can be extended to a suitably chosen one-parameter deformation ^ T of the 
hyperkahler variety M. It has the affect of replacing the special fiber M by its dual 
W. 

2. Proposition ^ is used to relate the fiber products of dual Grassmannian bundles 
to exceptional divisors in the blown-up family B^^^Ai. 

Choose a smooth family ^ T of projective symplectic varieties over a smooth 
irreducible one-dimensional base T whose fiber over a point G T is M. The extension 
class e G H\M,TM) of 

^ TM ^ TM\,, Om 

is mapped via the symplectic structure to a (1, l)-class e' in H^{M,T*M). Assume that 
the restriction of e' to a Grassmannian-fiber in every stratum [M*\M*+-'^] [M{t)\M{tY] 
does not vanish. The assumption on the class e implies that the normal bundle iV^t of 
[M* \ M*"*"-^] in Ai restricts to every Grassmannian-fiber G{t,n + 2t — l) as the non- 
trivial extension (^. (Compare with the deformation considered in section |2.1| ). In the 
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complex analytic category, any twistor deformation provides such a family because e' is a 



Kaliler class. Such an algebraic deformation exists by the work of Beauville ||B1|| and the 
transversality of the following two hyperplanes in the complex moduli of deformations of 
M: 1) the kernel of the homomorphism H^{M,TM) H^'^{M) H^'^{G{t,n+2t-l)) 
and 2) the tangent space to the algebraic deformations of the polarized projective variety 
(M, Om(1)). 

We regard the stratification of M also as a stratification of Ai 

Md M D D ■■■ D M^". 

The analogue of Theorem ^ holds. In other words, the top iterated blow-up B^^^Ad admits 
a dual sequence of blow-downs resulting in a family W in which the special fiber W is 
the dual of M. The proof is identical once we replace the transposition isomorphism in 
Proposition ^ by the extended transposition isomorphism in Proposition Denote by 

/ : B^^^M. B^^^W the natural isomorphism, 
r(/) its graph in B^^^M Xt ^^W, 

r(/) the closure of the graph of the birational isomorphism in x^- W, 

the image of the exceptional divisor B^^^Ai* under the isomorphism B^^^Ai r(/), 
the graph of the isomorphism /o : B^^^M ^ B^^^W. 

Proposition |lT] identifies as the top-iterated blow-up of the fiber-product of dual 
grassmannian bundles over B^^^M{t) 

Above we used the notation of Condition ^ in Section is embedded in the fiber of 

r(/) over G T. The fiber of r(/) over G T is reduced and its irreducible components 
are {Z)*}^^q because r(/) is isomorphic to B^^^Ai. Since T is one-dimensional, both r(/) 
and r(/) are irreducible varieties flat over T. We have the blow-down morphisms 

/3x/3 : ^WAIxt^Ww — > MxtW and (56) 
f3x(3 : T{f) r(/). (57) 

The set-theoretic image of r(/) via ( |5^ ) is r(/). Proposition [TT] implies that, set theoret- 
ically, ( |57D is bijective away from codimension-two in r(/). The morphism r(/) —>■ T fac- 
tors through r(/) — * T. Hence, in order to prove that the differential of r(/) Ai Xy W 
is injective away from a codimension two locus in r(/), it suffices to prove that the differ- 
ential of ^ TVI Xj^W is injective away from a codimension one locus in [Mx l^]nr(/). 
This follows again from Proposition [n|. In the notation of Theorem 0, we conclude that 
(^) is an isomorphism away from codimension-two in r(/) and it maps the divisor 
birationally onto At. It follows that ^f=o^* represents the class in the middle dimen- 
sion Chow group of M X of the fiber of r(/) over G T. This completes the proof of 
Theorem |^. 
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5 Brill-Noether duality for moduli spaces of sheaves 



In section |5.1| we restate more precisely Theorem |], that a and r hft to stratified el- 
ementary transformations (Theorem ^). Section |5.2| describes the automorphisms of 
cohomology rings which arise when Theorems |l] and are applied to the self-dual moduli 
spaces. In sections ^]3|, |5]^ and ^]5| we collect facts, mostly known, about stability of 



sheaves, Le Potier's moduli spaces of coherent systems, and Brill-Noether loci. In sec- 



tion |5.6| we prove that two resolutions of a Brill-Noether stratum M.s{v) are isomorphic 
(Theorem 33). When applied to the whole moduli. Theorem |3^ implies that two descrip- 
tions of the closure of the graph of the birational isomorphism corresponding to r are 
indeed isomorphic. The analogous result for a is carried out in section |5.8| . In section 
we prove that the collection of moduli spaces, endowed with their Brill-Noether strati- 
fications, is a dualizable collection in the sense of Definition |^. In particular. Theorem 
H applies once the dual collection is identified. The rigorous identification of the dual 



collection is proven in section 5.9 



5.1 Dualizable collections 

Let S* be a K3 surface, H an ample line bundle on S. Given a coherent sheaf F, its 
Hilbert polynomial is defined by 

Pp[n) := x{F ® H") := h%F{n)) - h\F{n)) + h\F{n)). 

The Hilbert polynomial of a coherent sheaf F on 5* of rank r > and pure ci-dimensional 
support is: 

PF{n) = ^i^'+-(Z^_^'''+---+UF) := {^H') n'+{H ■ c,{F)) n+^- {c,{Ff ~ 2c,{F))+2r. 
Note that if r > then 

lo{F) ■= rH^ and h{F) := H ■ ci{F), 
while if r = and d = 1 then 

lo{F) := H ■ c,{F) and h{F) := ^ {c,{Ff - 2c2{F)) + 2r. 

If p and q are two polynomials with real coefficients, we say that p >~ q (resp. p ^ g) if 
p{n) > q{n) (resp. p{n) > q{n)) for all n sufficiently large. 

Definition 19 1. A coherent sheaf F on S is called H -semi-stable (resp. H-staJole) if 
it has support of pure dimension d and any non-trivial sub sheaf F' G F , F' ^ (0), 
F' ^ F satisfies 

Pf' j Pf , X 
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2. A coherent sheaf F on S is called iy-slope-semi-stable if it has support of pure 
dimension d > 1 and for any non-trivial subsheaf F' we have 



lo{F') - loiFY 

If d = 1, H- slope- stability is defined using above a strict inequality. If d = 2, H- 
slope- stability is defined using above a strict inequality and considering only non- 
trivial subsheaves F' of lower rank. 



Observe that iJ-slope-stabihty imphes if-stabihty and if-semi-stabihty imphes -ff-slope- 
semi-stabihty. 

Denote by ^As{v) the moduh space of if-semistable sheaves on 5" with support of 
pure dimension > 1 and Mukai vector v. (If r := rank(v) is larger than 0, we consider 
only torsion free sheaves. If r = we consider sheaves with pure 1-dimensional support). 
M.s{v) is a projective scheme |Siml|| . If furthermore, all sheaves parametrized by 



M.s{v) are if-stable then, if non-empty, M.s{v) is smooth of dimension 

d{v) ■.= 2 + {v,v) 



Fix a line bundle £ on 5". Assume 



Condition 6 1. C is an effective cartier divisor with minimal degree 

< Ci(£) ■ H = mm{H ■ C \ C is an effective divisor}. 
In particular, all curves in the linear system \C\ are reduced and irreducible. 

2. The base locus of \C\ is either empty or zero- dimensional. 

3. The generic curve in \C\ is smooth. 

4. H\S,C) = 0. 

If, for example, Pic(S) is Z ■ ^^(l) and Cs(l) is very-ample, we can take C to be Cs(l)- 
Note that ampleness of C is not assumed. If, for example, tt : S* ^ is an elliptic K3 
with Picard number 2 and without multiple fibers, then we can take C to be 7r*(9pi(l). 

The arithmetic genus of a curve in \C\ is g := |[ci(£)^ + 2]. The Hilbert scheme S^'^ 
is naturally isomorphic to the moduh space ^As{l, g — d) 

s^''^^Ms{i,c,g-d). 

Simply associate to a subscheme D the £-twist of its ideal sheaf C{—D) := Xs^d ® ^C. 



35 



Denote by C C S'x |£| the universal curve. The compactified relative Picard Jq |£| 
of degree d is the moduli space 



J^^MsiO,jC,d+l-g). 

Observe that the Mukai vector (1, C, 0) of S^^'^ is the reflection of the Mukai vector (0, C, 1) 
of J^. 

Let X = ^[f] and X(r) := Ms{r, C,r — 1). Consider the Brill-Noether stratification 

Ms{r,C,r-iy := {F \ h\F)>t}. 

Our goal is to prove that the collection {X(r)*}^^^ is dualizable with n{X) = 2 and 

yU := := max{r I d{r, C,r — 1) > 0} = ma.x{r \ r{r — l)<g}. 

Its dual collection is {F(r)*}^^]^ where Y := J^, Y{r) := A4s{r — l,C,r), and 

Ms{r-l,C,ry := {F \ h\F)>t}. 

More generally we consider the planar hyperbola Ti in Figure |l| whose lattice points 
represent Mukai vectors v with Ci{v) = C. 

Theorem 20 Let v be a Mukai vector with Ci{v) = C. Then the collection ([^ associ- 
ated to A4s{v) is a dualizable collection (Definition^ with fi{A4s{i^)) given by ([^ and 
n{A4s{v)) =1 x(f ) I +1. Its dual collection is the one associated to the Mukai vector a{v) 
(or, equivalently, t{v)) where a and r are the reflections defined in Figure^. 



The theorem is proven in sections , |5.8| , and |5.9| . In section |5.7| Corollary ^ we 
prove that the collection (0) associated to Ais{v) is dualizable. In section [5.9| we prove 
that the collections associated to Aisiv) and M.sio'iv)) (or equivalently 7Vls'(r(t>))) are 
indeed dual (Proposition ^). 

Example 21 Take v = (1, C, h) in Theorem |2|. We get that and Ms{h, 1) are 

related by a stratified Mukai elementary transformation. In particular, when 6 = we get 

that S^3] and J| are related by a stratified Mukai elementary transformation. If the genus 

is in the range 2 < (7 < 5, then /i = 1 and the elementary transformation is Mukai's. 

If 6 < (7 < 11, then fi = 2. When the genus is 6 we get a Lagrangian (7(2,5) in both 

S*'^' and Jq. The degree of the composition morphism G{2,5) — > |(95(1)| = is 

equal to 5, the cardinality of Wq on a generic curve. More generally, whenever 4:g + l 

is a perfect square, fx is equal to ~^+^^^^ and we have a Lagrangian G(/i, 2/i + l) in 

n .. 

mapping to via a finite morphism whose degree is the cardinality g\ \ \ -, rr of 

to (/^ + ^)' 

W^^ on a generic curve (use Castelnuovo's formula. Theorem (1.3) of ||ACGII|| ). The dual 

Lagrangian grassmannian G(/i, 2/i+l) in S^^'^ parametrizes length g subschemes spanning 
a P9-1-M in p9. 
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Example 22 Consider the positive rays on the r and s axis in the hyperbola Ti. in Figure 
|l]. Theorem ^ implies that J^"^^"^ and 7^5(6, £,0), b > 0, are related by a stratified 
Mukai elementary transformation. In particular, when 6 = we get that the relative 
Brill-Noether loci {yVg_i \ — 1 < r < /x — 1} constitute a dualizable collection. In this 
case the collection is self-dual (see section [5.2| ). 



In the course of proving Theorem ^ we will consider also the moduli spaces of coherent 
systems G'°(x(^), )) and their analogue Gi{x{'v), Aisi^)). They are introduced in 
Section p.4|. It is instructive to compare the moduli spaces involved to their analogues in 



the example of dual Springer resolutions of section [Q] : 



I 



Ms(v) 



B^^^T*G{t,H) 

i i 
G%xiv),Msicriv))) Hom(qh_t(H),n(H)) 

\ / 
MsHv)) T*G{t,H) 



B^^^T*G{t,H*) 
i 

Hom(qh„t(H*),n(H*)) 
\ 

T*G{t,H*) 



\ 



M 



AT* 



If r(t>) is considered and x(^) > 0, replace G'°(x(^), A^5(c'"(f ))) by ), A^5'(r(t>))). 

Above, Hom(qh_t(H), rt(H)) and Hom(qh_t(II*), rt(H*)) are the natural vector bundles 
over Flag{t, h — t, H) and Flag{t, h — t, H*) respectively. As subvarieties of the product 
T*G{t, H) X T*G{t, H*) both are isomorphic to the closure of the graph of the birational 
isomorphism. 

The existence of the morphism B^^^Aisiv) G'°(x(f ), A45(t')) is proven in Propo- 
sition PSI The isomorphism ^^^(f)) = (^^(^(f ), A/i5'((T(t'))) is constructed in 



Theorem |39|. The isomorphism ), A^5(f )) = A4s'(r(f ))) is constructed 

in Theorem Theorem ^ establishes the isomorphism B^^^Ais{v) — B^^^Aisi^iv)). 

Pursuing the analogy with Springer resolutions, there should exist a singular moduli 
space M := ^^^([f]), analogous to the closure of a square- zero nilpotent coadjoint orbit. 
A^5([f]) is associated to each Z/2 x Z/2 orbit [v] of a Mukai vector v in H. M.sil'^]) 
should parametrize equivalence classes of stable sheaves with respect to the following 
equivalence relation: If x{F) > 0, given any t-dimensional subspace U C Ext^(F, Os) 
corresponding to an extension 



0^U*^Os-^E-^F^0 

of F by a trivial vector bundle, we identify F with the formal difference E — (9®*. 
Forgetting the extension data has the affect of contracting the Grassmannian G{t, H^{E)) 
in Ais{v) where v = v{F). Similarly, if x{^) ^ 0, given any rank t trivial subsheaf 

O^U^Os^F^Q^O, 
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we identify F with the formal sum Q + , forgetting the extension data. For example, 
when the K3 surface S is elliptic and £ is the class of an elliptic fiber, J° := (0, C, 0) 
is a K3 with an ordinary double point. 

It seems plausible that ^^^([f]) can be constructed in general by using Geometric 
Invariant Theory. The existence of A^5([v]) would also follow from a better understanding 
of the determinantal line bundles on M.si'^)- The restriction homomorphism Pic;\/(g(v) 
pk(v)|+i^ to a fiber in the first stratum, has an infinite cyclic kernel. We need to know 
that there exist line bundles in this infinite cyclic kernel which are generated by global 
sections and give rise to a contraction of the Grassmannian-fibrations of the Brill-Noether 
strata 

Ms{v) ^ Ms{[v]). 

Theorem ^ and the above prediction provide a "contraction" of the hyperbola Ti 
in Figure |l| to its diagonal and the two semi-diagonals of moduli spaces with Euler 
characteristic x(t>) equal to or ±1: Let v = (r, £, s), assume that r + s is even, and set 
v' := V — ^{r + s). Then Ais{v) is embedded in A4s{v') as a contracted Brill-Noether 
locus. If x('y) = r + s is odd, set v' = f — |(r + s ± 1) and get an embedding in a 
semi-diagonal entry. 

5.2 Self-dual moduli spaces 

There are two classes of self-dual moduli spaces: If the Euler characteristic x{v) = r + s 
vanishes, then A4s{v) is r-self-dual. If r = s then J\4s{v) is cr-self-dual. 

If A^5(f) is r-self-dual, then the birational isomorphism r : Ais{v) —>■ A^5(f) is, 
by definition, the identity (see Theorem ^). The Grassmannian fibrations involved all 
have fibers of type G'(a,C^°), a > 1, which are canonically isomorphic to their dual 
G{a, (C^°)*). Nevertheless, Theorem ^is non-trivial in this case. It states that the cycle 
T{id) + X]f=i'' -M-siv) X Adsi'i') induces an automorphism of order two of the ring 

Z). In particular, we get the identity 





analogous to the reflections of a K3 lattice induced by a (— 2)-curve. If, for example, 
fi{v) = 1, then the divisor := Ais{vY is a P-'^-fibration over Ais{v+1)- The intersection 
of B with a P^-fiber is —2 and the endomorphism Ai is —2 times a projection from 
H*{Ms{v),Z) onto the image of 

H*iMs{v+l),Z) ^ H*+^iMsiv),Z). 

When Ais{v) is a-self-dual, the birational isomorphism a : J^s{v) M-si^) is of 
order two (see Theorem ^ and Example ^Op. It is a regular automorphism only in the 
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case of ^ = M.s{0, C.-, 0) or when yu(t>) = 0. Regardless of the regularity of cr, Theorem 
implies that the cycle r((T) + ^Yl!t=\ -^si^) x Aisi^) induces an automorphism 

of order two of the ring H*{A4si'v), Z)- In particular, we get the identity 

r(a)^ + 2r(a)o IgAJ + IgAJ ^ r(.rf). (58) 

Consider for example the Hilbert scheme S^^'^ of a K3 of genus g = A. S is the 
intersection of a cubic and a quadric Q in P"^- Then f = (1, C, 1), /i(t>) = 1, and (Sl^^)^ is 
a lagrangian P'^ parametrizing coUinear subschemes. Clearly, we have a morphism from 
(S'^l)^ to the variety F(Q) of lines on Q. Since 5* does not contain a line, (5*^^')^ is 
isomorphic to F{Q). (S^^^Y is also isomorphic to FH^{E) where E is the unique stable 
vector bundle with Mukai vector (2, 05(1), 2). Theorem ^ implies that we have an exact 
sequence 

0^ E* ^ H^{E) ®Os ^ E ^0. 

Hence, ¥H'^{E) is canonically isomorphic to its dual ¥H^{E)*. The cycle Ai is the 
product ¥H^{E) x FH^{E)* and the endomorphism 

Ai : H*{S^^\Z) ^ H*{S^'^\Z) 

is the projection onto the line spang{[P^]} sending a class a in H^{S^^\ Z) to (aU[P^])-[P^]. 
Combining (|58D with the equality 

Ai([P=^]) = C3(T*P^) ■ [p3] = -4-[P^], 

we get that r(cr) ([P^]) is a ■ [P'^] where a is 3 or 5. Indeed, a = 3. The proof of Theorem ^ 
shows that T{a) is isomorphic to the graph of a regular automorphism a of B^^^S^^^ which 
restricts to FT*¥H°{E) = Flag{l,3, H°{E)) C [¥H^{E) x ¥H°{E)*] as the involution 
interchanging the two factors (using the above identification of the two factors). Using 
the "Key formula" (Proposition 6.7 page 114 in ||F[), we get the equality 

r(a)([p3]) = (/?,a,/5*)([p3]) = 3[F% 



5.3 Stability criteria 

We will need the following Lemma which, though a slight strengthening of the statement 



of [Laz| Lemma 1.3, is actually proven there. 



Lemma 23 IjLa^} Let v = (r. A, s) be a Mukai vector with r > 1. Assume that \A\ is not 
empty and A satisfies the minimality condition |^ part Let F be a torsion-free sheaf 
with v{F) = V. Assume further that s > 1 or that h^{F) > r + 1. Then The following 
are equivalent: 
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erne. 



1. F is H -stable. 

2. F is H -slope-stable. 

3. F satisfies all the following conditions 

(a) H\F) = (0), 

(b) F is generated by its global sections away from a zero- dimensional subsch 

4. Same as ^ except that we replace by 

(b') F is generated away from a zero- dimensional subscheme by any r + 1 dimen 
sional subspace of H^{F). 



Remark 24 If we drop both the assumption that s > 1 and the assumption that h^{F) > 
r + 1 then the following relations hold: ^ =^ IT] <(=^ 



Proof: (of Lemma ^3]) 



|l] -v^ |2|: The assumption on the linear system |^| implies that -ff-slope-semi-stability for 
F is equivalent to if-slope-stability. Hence if-stability is equivalent to iJ-slope-stability. 
^ ^ If s > 1 then the Euler characteristic of F satisfies xf = 1^ + s > r -\- 1. Hence, 
h°{F) > r + 1. 

^ =^ ^ If F is slope-stable then Hom(F, Og) vanishes and hence, by Serre's Duality, 
H\F) = 0. 

pb| ) Let U C be a subspace of dimension > r + 1. Let F' be the subsheaf generated 

by the global sections in U. Since h^{F') is larger than the rank r' of F', F' can not be 
the trivial rank r' bundle. Since F' is generated by its global sections. Lemma ^ implies 
that Ci(F') is represented by an effective (non-zero) divisor C C S. Condition | part |l| 
implies that Ci{A) ■ H < C ■ H . if-slope-stability of F implies that r = r'. If r = r' and 
F/F' has a one-dimensional support, then ci{F/F') is represented by an effective divisor 
C" and ci{F) = C + C" contradicting the integrality of all curves in |^|. We conclude 
that F/F' has zero- dimensional support and ^ holds. 

^ ^ |2|: Let F' C -F be a non-trivial rank r' subsheaf, < r' < r. Let Fq be the 
quotient F/F' and F" := Fq/T(Fq) where T(Fq) is the torsion subsheaf of Fq. Since 
Hom(F, Os) = H^(F)* vanishes, while the projection F F" is surjective, we conclude 
that F" is not the trivial vector bundle. Lemma ^ implies that Ci{F") is represented 
by an effective (non-zero) curve C". Ci(T(Fq)) is represented by an effective (possibly 
zero) divisor D", the 1-dimensional components of the support of T{Fq'). The minimality 
condition |^ part implies the inequality 

ci{F^') ■ H = {C" + D") -HyciiA)- H. 
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We get the inequality 

c,{F')-H={cM)-Ci{Fl,'))-H<0 
which imphes that F' does not slope-destabihze F 

h{F') _ c,{F') . H ^ c,{F).H _h{F) 
lo{F') r'H^ - rH^ lo{F)' 

Hence F is if-slope-stable. □ 

Lemma 25 1. Let U be a vector space, 

O^U^cOs^F^Q^O (59) 

a short exact sequence of coherent sheaves on S such that the line-bundle A : = 
det(F) = det(Q) satisfies the minimality condition part Then the following 
are equivalent: 

(a) F is H -stable. 

(b) Q is H -stable (with support of pure dimension 1 or2) and the homomorphism 
U* Ext^(Q,Cs) is injective. 

2. If stability holds in part [| then there are canonical exact sequences 

O^U ^ H^{F) H%Q) 0, (60) 
^ H\F) ^ H\Q) ^ U H^'\S) ^ (61) 

and h'^iQ) = h\F) = 0. 

3. Let F be an H -stable sheaf of rank r, det(F) as in condition |^ part and U C 
H^{F) a subspace of dimension r' < r. Then the natural sheaf homomorphism 
i : U ® Os ^ F is injective and the quotient Q is H -stable. 

4. Let F' be a subsheaf of an H -stable sheaf F of rank < r' < r with Ci{F) as 
in condition part Then F' is generated by its global sections away from a 
zero- dimensional subscheme if and only if F' is isomorphic to the trivial rank r' 
bundle. 

Proof: 

|l]) The proof is by induction on r = dim(f/). 

Case r = 1: Let e G Ext^(Q, Os) be the extension class of 

O^Os^F^Q^O. (62) 
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rE| ^ p!a| Assume that Q is ff-stable and e does not vanish. We need to prove that F is 
torsion-free and i^-stable. Clearly, the support of every subsheaf of F has dimension at 
least 1. Assume that T C F is a destabilizing subsheaf, H ■ci{T) > H ■ci{F). Denote by 
T its image in Q. Clearly T can not be a subsheaf of Os- Hence, H ■ ci(T) > H ■ ci(T) > 
H ■ ci(F). Slope-stability of Q implies that (Q/T) is supported on a zero- dimensional 
subscheme. Hence Ext^(Q/T, Os) vanishes and Ext^(Q, Os) "-^ Ext^(T, Os) is inject ive. 
Let 

O^Os^F'^T^O 

be the pullback extension. Then F' is a subsheaf of F and F/F' is isomorphic to Q/T. 
Since every subsheaf of F has dimension at least 1, F is torsion free (resp. if-stable) 
if and only if F' is. Thus, we may assume that T Q is surjective and T = Q. 
Since e 7^ 0, the kernel i^' of T — > Q is a non-zero subsheaf of Os- The inequality 
H ■ Ci(T) > H ■ Ci(F) = H ■ Ci{Q) implies that Os/K is supported on a zero- dimensional 
subscheme. Hence F is torsion free if and only if T is. If T is torsion free then it 
is not a destabilizing subsheaf of E since their ranks are equal. If the torsion subsheaf 
r C T is non-trivial then r has pure 1-dimensional support. In that case Q has a pure one- 
dimensional support. Clearly tHOs = (0) and r embeds as a subsheaf f of Q. Hence the 
image of e in Ext^(f, Os) vanishes. This contradicts the non- vanishing of e because Q/f 
has zero- dimensional support and thus the homomorphism Ext^(Q, Os) "—>■ Ext^(f, Os) 
is injective. 

la] =^ p!B| Assume that F is H -stable (and hence torsion free of rank > 1). Then the 



extension ( |62D is non-trivial. We first prove that Q has support of pure dimension 1 or 2. 
Suppose T C Q is a subsheaf with zero-dimensional support. Let T C -F be its inverse 
image in F. Then the extension — > Os — T — T — > splits. This contradicts the 
iJ-stability of F. Suppose now that T C Q is a. subsheaf with one- dimensional support 
but Q has a two dimensional support. Then H ■ ci(T) > and the inverse image T of 
T is a destabilizing subsheaf of F. We conclude that Q has support of pure dimension 1 
or 2. If supp{Q) is a curve C, then det(Q) = Os{C), C is an integral curve and Q is a 
rank 1 torsion free sheaf on C. Hence Q is if-stable. If Q is torsion free then it must be 
i^-slope-stable because the inverse image T of any destabilizing subsheaf T C Q would 
destabilize F. This completes the proof of the case r = 1. 

Induction step: Choose a line Ui G U and let U be the quotient. Let F be the quotient 
F/{Ui ® Os)- We get two exact sequences 

^ U ®Os ^ F ^ Q ^0, (63) 
O^Ui0Os ^ F ^ F ^0. (64) 

Denote hj e : tJ* ^ Ext\Q, Os) the extension class of (H) and by ei : U* Ext\F, Os) 
the class of (0). Then 

F is if-stable <^=^ (case r = 1) 

F is if-stable and ei 7^ <^=^ (case r = dim(?7) — 1) 
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Q is iJ-stable, e is injective and ei 7^ <^=^ 

Q is H-stable and e : U* ^ Ext^(Q, Os) is injective. 

This completes the proof of part |l|. 

|2D The exact sequences (|^) and (|6l|) are part of the long exact cohomology sequence 
associated to (p^). 

^ Proof by induction on r'. The case r' = 1 is clear (injectivity is obvious and the 
stability of Q is proven in part |l]). 

Induction step: Choose a line Ui <Z U and consider the extensions (B3) and F is 



stable because F is (use part jT]). By the induction hypothesis the sheaf homomorphism 
U (g) Os F is injective. Hence U ® Os ^ F is also injective. The stability of Q follows 
from part |l]. 

Hf) By Lemma EB] either F' is the trivial rank r' bundle, or Ci{F') is represented by an 



effective divisor C . if-slope-stability of F and the minimality condition |^ part ^ rules 
out the latter. □ 

Lemma 26 / |La^/ Let U he a torsion-free sheaf on a smooth projective surface. If U is 
generated by its global sections away from a zero- dimensional subscheme, then Ci{U) is 
represented by an effective (or zero) divisor. In that case, ciiU) = if and only if U is 
a trivial vector bundle. 



5.4 Coherent systems 

Consider the coarse moduli space G^{t, Aisi^^)) parametrizing pairs {F,U) consisting 
of an iJ-stable sheaf F with v{F) = v and a t-dimensional subspace U of H^{S,F). 
Le Potier constructed this moduli space as a projective scheme coarsely representing a 
functor in | [Lel| | Theorem 4.12. Le Potier 's semi-stability condition is more relaxed and 



does not imply the stability of F. Nevertheless, G'^{t, A4s{v)) embeds as a Zariski open 
subset in the stable locus of Le Potier's moduli. 

Remark 27 Let t be a positive integer and set v' := f + (t, 0, t). It should be easy to check 
that G°(x(t>'), A^5(f ')) is also a union of components of the Hilbert scheme parametrizing 
subvarieties in Ais{v) isomorphic to the grassmannian G{x{v)-\-t,x{v) + 2t) . 

A family of such pairs over a Noetherian scheme G is a pair (JF, r). JF is a sheaf 
over G X S, flat over S, such that its restriction J^\g^ is stable with Mukai vector v over 
every closed point g in G. The family of vector spaces of sections is encoded by a rank 
t locally free Oc-Kiodule r in the following way: the dual r* is a quotient of the relative 
Ext sheaf Sxtp{J^,Ljp) where p : G x S ^ G is the projection and cUp is the relative 
dualizing sheaf. Here we use 1) Serre's Duality Extg(Fg,ci;s) = H°(S,Fg)*, and 2) the 
base change theorem for relative Ext sheaves ( | |Lan|| Theorem 1.4) which implies that the 



natural homomorphism Sxtp{J-',u!p)\g Extg(Fg, c^s) is surjective for all closed points g 
in G (use the vanishing of Ext^{Fg,us))- 
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The constructions in section require the following descriptions of r as a subsheaf 
of p^T. 



Lemma 28 Let J-' be a flat family over G of stable sheaves with Mukai vector v and r a 
locally free Oc-'module. The following data are equivalent: 

1. A surjective homomorphism £xt^{T ^uOp) — ^ r*. 

2. An infective homomorphism l : t ^ p^T satisfying the property that its restriction 
Lg : — s> (p^,jF)|^ is infective for all closed points g in G. 

Proof: |I] ^ ^ Choose a very ample line bundle Os{n) on S with the property that the 
sheaf Sxt^p{J-'{n),u!p) vanishes for i = 0,1, is locally free for ^ = 2, and the sheaf p^:J-'{n) 
is locally free. A choice of a section of Os{n) yields the long exact sequence of relative 
Ext sheaves associated to the short exact sequence 

^ J^{n) ^Q^O. 

Since Sxtp{Q,ujp) vanishes, the homomorphism £xt^{J^{n),ujp) — >• Sxtp{J-',Up) is surjec- 
tive. Hence, r embeds in £xt'^{T{n),u}p)* as a subsheaf of the image of Sxtp{J-',Up)* . 
Similarly, the homomorphism p^J-' ^ pj,T{n) is injective. Serre's Duality identifies 
£xt^{J^{n),ujp)* with p^:J^{n) and exhibits r as a subsheaf of p^:J^{n) which is contained 
in p^J^. The surjectivity of the composition 

£xtl{J^{n),ujp\ £xtl{J^,ujp\ ^ r,* 

implies that the composition 



is injective for all closed points g in G. It follows that — > {p*T)\g is injective. 
^ =^ 0) The proof is similar. □ 

We will study also the coarse moduh space Giit, M-giy)) of pairs {F,U) consisting 
of an if-stable sheaf F with v{F) = v and a t-dimensional subspace U of Ext^(F, (9g). 
The corresponding functor (from Noetherian schemes to sets) associates to a Noetherian 
scheme G the set of equivalence classes of pairs (JF, r) as in the case of coherent systems 
except that r* is a quotient of the higher direct image sheaf R^^{T ®ujp). Here we use the 
vanishing of ujp) and the base change theorem for cohomology ( |pda|| Theorem 

ni.12.11) to conclude that the natural homomorphism R^^{J-' ® ^p)\g — > H^{S, Fg ® ujs) 
is surjective for all closed points g in G. An analogue of Lemma ^ translates the 
data of a surjective homomorphism Rp^iJ-" ® ujp) — > r* to the data of a homomorphism 
T ^ £xtp{J^,Ocxs) injective in each fiber. The existence of Gi(t, A4s{v)) was proven 



in [Lei] Theorem 5.6 in the case where rank(f) = 0, i.e., when the sheaves have pure 
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one-dimensional support. For a general Mukai vector with ci{v) satisfying Condition ^ 
part |l|, the existence of Gi{t, Ais{v)) as a projective scheme follows from the proof of 
Theorem ^ where the functor is shown to be equivalent to the functor represented by 
G%t,Msiv + ^). 



The following Lemma will be needed in the proof of Theorem 33 



Lemma 29 ( ^Mat^ Application 2 page 150) 



Let G he a Noetherian scheme and t ^ E ^ Q ^ a right exact sequence of coherent 
sheaves over G x S. Assume that E is flat over G. Then the following are equivalent: 

1. u is injective and Q is flat over G, 

2. The restriction : E\^ of u to the fiber over every closed point g in G is 
injective. 



5.4.1 Universal properties 

Fix a Mukai vector v with ci{v) = C. Choose a very ample line bundle Os{n) on 5* 
satisfying the property: The higher cohomologies H^{S, F), i > 0, vanish for every stable 
sheaf F on S* with Mukai vector v. Fix also a non-zero section 7 of Os{n). We get a 
functorial injective homomorphism (8)7 : JF <— > J-'{n) for every family of sheaves on 5*. If 
a universal sheaf JF^ exists over S x A4s{v), then the pushforward p*J-'v{n) is a vector 
bundle on A4s{v) and we get a projective bundle F{p^:J^^{n)) over A^s(t>). The projective 
bundle exists even if JF^ does not. We abuse notation and denote this universal projective 
bundle by F{p^:J^^{n)) (it is locally trivial in the etale topology). Over G^(t,A4s{v)) we 
have a tautological P*~^ bundle which is a subbundle 

Pr := PrG0(i,^3(,)) C 7r*P(p,J-„H) 

of the pullback of P(p,J^^(n)) to G^{t,Ms{v)). 

Proposition 30 The moduli space G^{k, A4s{v)) satisfies the following universal prop- 
erty. Assume we are given 

1. a scheme T of finite type, a Zariski open covering {T^}, finite surjective etale 
morphisms T^ T^, a family Sa, flo^t over T^, of stable sheaves on Ta x S with 
Mukai vector v, 

2. a rank k locally free sheaf W a on T^, and 

3. a homomorphism of Of ^-modules 



which is injective on each fiber, 
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satisfying the compatibility condition: the pull-back of {Sa,ia) to Ta y<TTf3 is equivalent, 

as a coherent system, to the pull-back of {£p,ip). 

Then there exists a unique pair [n, {Sa}) consisting of a morphism 

k:T ^ G\k,Ms{v)) 

and a collection of isomorphisms 

5^ : FWf^ ^ (65) 

such that the composition of k with the forgetful morphism to Ais{v) is the classifying 
morphism of S and the following diagrams commute: 

«®7 (66) 
FWf^ 1 — K {k*Ft)\. 

Note that the fact that G'°(A;, ^^^(f )) is a coarse moduh scheme imphes additional 
universal properties (see ||GIT|| Definition 7.4). 

Proof: Since C^^k, Aisiv)) is a coarse moduli space, we get a unique collection {(/€„, Sa)} 
where Kq, : ^ G'^lk, Aisi'^)) is the classifying morphism. The compatibility condition 
implies that the two compositions 

T^XtTp ^ f^^G\k,Ms{v)) and 
T„XtT^ ^ fp^G'^{k,Ms{v)) 

are equal. This implies that the collection {na} descends and patches to a global mor- 
phism K (see ipviill Chapter I Theorem 2.17). □ 

Proposition 31 The universal property of Gi{k, Ais{v)) , analogous to that in Proposi- 
tion [5^, holds as well. 

5.5 Construction of the Brill-Noether loci 

We review the construction of the Brill-Noether loci in order to set up the notation used 
throughout the rest of the paper. Assume for simplicity of notation that there exists a 



universal sheaf over Adsi^) x 5*. We indicate in Remark ^ the changes necessary if 
a universal sheaf exists only locally. We carry out the construction in the case xi'^) ^ 0- 
(The case x(^) < is identical, but for a shift by xi'^) of the index t in AisivY). 

Choose a section 7 of if®" for n sufficiently large so that W{F{n)) vanishes for z > 
and for all F in M.s{v)- Let F e \H^\ be the zero divisor of 7. Consider the short exact 
sequence of sheaves over M.s{y) x S 



46 



o->^-^^H-^^Hi,,^^,„, -0. (67) 

Denote by p : Ais{v) x S* — > M-si^) the projection. We get the long exact sequence of 
the right-derived functor 

p.^ ^ p.^(n) ^ {Hn)\r.Msi.i) ^ ^ 0- (68) 

Note that iJ-slope-stabihty of all the sheaves parametrized by Ais{v) implies that Rp^J^ 

vanishes. Hence, so does R^^ (•^(^)|rxA^s(.)) • Clearly, R^^ (^(«)|rxA45(.)) vanishes as 

well. Thus Vi := (^^i^)\rxMs(v)^ ^ locally free sheaf of rank {rH^)n^ + {H ■ £)" + 

r(l - ^r). As the genus gv equals the rank is (^^) + {H ■ Let Vq be 

p^J^{n) and 

P : K) ^ ^1 (69) 
the restriction map. Vq is locally free of rank 

rank(Vo) = — n^ + (H • £)" + x(v) = rank(Vi) + x(v). 



In our new notation, (|68D becomes 

^ p,J^ ^ K) ^ RlJ" -> 0. (70) 

Truncating the leftmost sheaf in (|70D we get a locally free presentation of R^^T. Observe 
that Corollary ^ implies that p is generically surjective if x(^) ^ 0. 

Define the determinantal loci Aisi'^Y for t > as the subscheme of M.s{v) which is 

rank{Vi)+l-t 

the zero locus of A p. Note that (|69|) is a locally-free presentation of Rp^T. A 
standard argument shows that the subscheme structure of A^5(f )* is independent of the 
choices of JF, n and 7 (being independent of the locally-free presentation, it is independent 
of n and 7. Any other choice T' of a universal sheaf would result in Rp^J^' which is a 
twist of -Rp,^ by a line bundle on A4s{v). Hence AisivY is independent of JF). Note 
that A^s(f )* is supported by the set of sheaves F with h^{F) > t 

MsivY = {F I h\F) > t}. 

Using the language of Fitting ideals (and their rank) one can show that the Brill-Noether 
loci Aisi^y represent a functor (see fACGH ] Remark 3.2 page 179). 

For future reference we note that if we take the relative Sxtp{», us) of (|67|) we get the 
exact sequence of sheaves on Jlis{v) 

^ £xtl{T,uJs) £xtl{J='{n)i^^^^^^^,uJs) £xtl{T{n),uJs) Sxtl{J^,uJs) ^ 0. 

47 



Serre's Duality identifies it as the locally free presentation of £xtp{J^, us) dual to ( |70D 
SxtliJ^, ujs) ^ V{ ^ V* SxtliT, ujs) ^ 0. (71) 

Remark 32 We do have a universal sheaf if C2{v) = g — 2 or g and ci{v) = C because 
in this case s — r = ±1 and hence gcd{r,ci{vy,s) = 1. If m := gcd{r,ci{vy,s) > 1 
then we only have a global quasi-universal sheaf of similitude m (see |[Mu2|| Appendix 



2). Nevertheless, in general, we do have a universal sheaf locally (in the complex or etale 
topology) over Ais{v)- It is possible to carry out the construction of the Brill-Noether 
loci using only the local existence of a universal sheaf. We carry out the constructions 
locally, show independence of the choice of the universal sheaf, and conclude that the 
constructions glue as a global algebraic object. In fact, the stabihty (and hence simplicity) 
of the sheaves parametrized by Ais{v) imply (as in ||Mu2|] Appendix 2) that the vector 



k k k 

bundles 7iom(A Vq, A Vi) and their sections A p, A; > 1, exist globally and depend 
canonically on n and 7 even though the universal sheaf JF and the vector bundles Vq, Vi 
exist only locally. 

5.6 Tyurin's extension morphism 

The determinantal loci M.s{vy, the moduli spaces G^itjAisiv)), G'i(t, ^^^(f )) and the 
forgetful morphisms 

Gi{t,Ms{v))^Msiv)\ 
G\xiv)+t,Msiv))^Msivy 

were constructed for the relevant Mukai vectors. We extend results of Tyurin |[ry3|| and 
construct an isomorphism 

f:G^{t,Ms{v))^G'{t,Ms{v')) 

where v' = v + {t, 0, t). 

Let F be a sheaf of rank r > and V C Ext^(F, Os) a t-dimensional subspace. There 
exists a canonical rank r + t sheaf f{F, V) and an extension 

0^V*(g)Os^ f{F, V)^F -^0. (72) 

Simply define f{F, V) via the canonical class in Extg(F, V* ® Os) using the isomorphism 

Ext^(F, V* O Os) = Ext^(F, Os) ® V* ^ Hom[V, Ext^(F, Os)]. 

It is easy to see that the Mukai vector of f{F, V) is 

v{f{F,V)) = viF) + it,0,t). 
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The sheaf f{F, V) is torsion-free and if-slope-stable if and only if F is if-slope-stable 
(Lemma |25|) . Moreover, we have the exact sequences 

^ H\f{F, V)) H\F) and (73) 
^ H\f{F, V)) H\F) ^V*^ H^'\S) ^ 0. (74) 

Theorem 33 Let v = (r, C, s) be a Mukai vector with r > and t a positive integer. 
There is a natural isomorphism 

f : G^it,Msiv)) ^ G\t,Msiv')) (75) 

where v' = v + {t,0,t). The isomorphism f is compatible with the Brill-Noether stratifi- 
cation with a shift of indices byt: Fork >t,f realizes Gi(t,A4s{v)'')\Gi(t,J^s{v)''^^) 
as a G{t, xW) + k- t)-bundle over Msiv'Y^* \ Ms{v'Y"^^~\ 

Proof: We prove the equivalence of the two functors coarsely represented by Giit, M.g{y)) 
and G'^{t, jV[g{v')). Let G be a Noetherian scheme, JF^/ a sheaf on G x S*, fiat over 5*, 
whose restriction to Sg is a stable sheaf with Mukai vector v' for all closed points g 
in G. Let r be a rank t locally free Cc-subsheaf of p^J^^' satisfying the property that 
{p*J^v')\g is injective for all closed points g in G. We get a short exact sequence of 
sheaves on G x S": 

j9*r -> J^„, ^Q^O. (76) 

By Lemma ^ part ^, the restriction of (|76D to Sg is exact for all closed points g in G. 
Lemma implies that Q is fiat over G. Slope stability of the bundles {J^v')\g, g & G, 
implies that the Oc-^odule p^Tiom^J^^i .Ocy^s) vanishes and the following short exact 
sequence of Oc-modules 

^ r* SxtlSQ.OG>,s) ^ SxtlSJ^.'^Oc^s) 

is part of the long exact sequence of relative extension sheaves. 

Conversely, let be a sheaf on G x S", fiat over S", whose restriction to Sg is a 
stable sheaf with Mukai vector v for all closed points g in G. Denote by Up the relative 
dualizing sheaf p*ujs- Let r be a rank t locally free Oc-module, e : r ^ £xtp^{J-'v,ujp) 
an injective homomorphism into the relative extension sheaf satisfying the property that 

— > Sxtp^{J^^,Up)\^ is injective for all closed points g in G. We get a section e of 
H^{G,Sxtp^{J^v,p*T* ®u!p)). The Grothendieck spectral sequence 

HP{G, Sxt\J^,,p*T* ® Up)) Extl^^liJ^,, p*r* ® Up) 
gives the exact sequence: 

^ H\G,pMom{J^,,p*T* ®ujp)) Ext^^s(j;,pV* ®Ljp) ^ H°(G, ^xtj(j;, pV* ® 
H'^{G,p^,Hom{J^y,p*T* ® ujp)). 
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But the sheaf p^,TCom{J^^,p*T* ®u!p) vanishes because JFj, is a family of torsion free sheaves 
F with vanishing H'^{F). Hence we get an isomorphism 

and the section e determines an extension of sheaves on G x S*: 







P*T* ® UJp ^ £ ^ J^^ 



0. (77) 

Since p*T* and jFj, are flat over G, so is £. Lemma ^ part |1| implies that £ restricts to 
Sg as a stable sheaf with Mukai vector v' for all closed points g in G. 

The two constructions are inverse of each other modulo the equivalence of objects 
parametrized. In other words, given the data tq ^ p^T^i in the first construction and 
the data t\ ^ £xt)p (jF^jjCUp) in the second construction, there exists a line bundle K on 

fir 



G such that tensoring the short exact sequence ([77|) by K we get the sequence (^6]). In 
particular, tq = (r* ^p^io^ ® K which is a relative version of Lemma part |^ combined 
with the relative version of Serre's Duality. 

Finally we prove that the isomorphism / in (|75D is compatible with the Brill-Noether 
stratifications. By definition, these stratifications are the pull-back of the Brill-Noether 
stratifications on M.s{v) and M.s{v') via the forgetful morphism. Given a Noetherian 
scheme G and data tq as in ( |T5D and ti as in (^) we get on G x S* the short 
exact sequence 

p*r ^ jr , ® p*K (78) 

for some line bundle on G (where r = tq = {rl ®p^ujp) ®K). The long exact sequence 
of higher direct image brakes into two short exact sequences on G one of which is 



(79) 



Since the quotient r ®c H^''^{S) is locally free of rank t, the determinantal stratification 
defined by the sheaf Rl^J^v' coincides with that of {Rp^J-'^) ® K with indices shifted by 
t. To see that, choose a locally free presentation 

with rank(A) > rank(B). The kernel Bi := ker(j o rj) is locally free because B and r are 
and (j o rj) is surjective. Denote by a, b and bi the corresponding ranks. The image e{A) 
is a subsheaf of i?i and we get a commutative diagram of locally free presentations (and 
short exact columns): 



A 



A 



B 



Rp T^i 

"1 







K 



J or) 



T 
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The stratifications of G associated to Rl^J^v and Rp^^v' are defined by 



'[(a-b)+r] 

GiivY := ( A e = ) , and 



G\v'Y := A ei = 



lit lib 

Clearly (A e = 0) and (A ei = 0) define the same subscheme for all m > 0. The equality 

[(a - hi) +r] = [{a-h) +r]+t 

verifies that the indices are shifted by t. □ 

Corollary 34 Let v = (r, C, s) be a Mukai vector, t > 1 an integer and fi{v) as in (jip. 
If t > fi{v) then Ais{vY is empty. If < t < fi{v) then the codimension of AisivY in 
Msiv) IS (\x{v)\+t)t. 

Proof: Assume first that x(f ) is non-negative. The proof is by induction on d{v) where 
V ranges in the set {vQ + t \ t G Z and x('^^o + ^ > 0} for some fixed vector t>o. Notice 
that d{vQ + 1^ is a decreasing function of t on this set. If d{v) is negative, M.si'vY is 
empty for any integer t > 0. If d{v) is non-negative and t = then M.s{vY = -Msiv) 
is non-empty by Lemma If d{v + (1, 0, 1)) is negative but d{v) is non-negative then 
fi{v) = 0. Hence, the first step of the induction involves v with fi{v) = for which 
Corollary Q holds. Assume that the statement holds for all v" with d{v") < d{v). Note 
that Gi(t,Ms{,vy)\Gi(t,Ms{vy^^) is isomorphic to Ms{vy\Ms{,vy^^. Set v' := v+t 
with t > 1. The induction hypothesis implies that either Ais{v') is empty, or Aisi'v'Y 
is a proper (possibly empty) subscheme of J^s{v'). By definition, if t < then 
= —t. lit> fi{v) then the induction hypothesis implies that A^5(f') is empty. 
Hence, Theorem ^ implies that Aisi'^Y is also empty. If t < fi{v) then the induction 
hypothesis implies that A4s{v') is not empty and Theorem ^ implies that the dimension 
dim[Gi{t,MsivY)\Gi{t,Ms{vY+^)] is equal to 

t{r + s + t) + dim[Msiv'Y \ Msiv'Y] = t{r + s + t) + d{v'). 

Thus, the codimension of M.siyY in J^siy) is 

d{y) - {t{r + s + t) + d{v')) = t{r + s + t). 

The case of negative Euler characteristic x{'^) can be reduced to the non-negative 
Euler characteristic case via the isomorphism 

[Msi^vYXMsH'''] = [Giit-xiv),Msiv))\Giit-xiv),MsivY-^')] = 
[G%t-xiv),Msiv+t-x(v)))\G%t-xiv),Msiv+t-x(v)Y)]. 



The first equality is a definition. The second isomorphism follows from Theorem 33. The 



Mukai vector v+t — x{v) has Euler characteristic 2t — x{v) which is non-negative. □ 
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Lemma 35 Let v = {r,C,s) be a Mukai vector. If d{v) is non-negative then Ais{v) is 
non-empty. 

Proof: We may assume that r is non- negative (otherwise, replace f by (a o t){v) : = 
(— r, £, — s)). Let v' := {0,C,s — r). Note that M.sW) is the compactified relative 
Jacobian J^~^^^~^ . Condition ^Part ^ assures us the existence of a smooth curve in \C\. 
Use the non-emptiness results from classical Brill-Noether theory for a smooth curve in 
\C\ to conclude that Gi{r, Jvig{v')) is not empty if d{v) = 2g — 2rs is non-negative. Then 
use Theorem ^ to conclude that G^{r, A4s{v)) is non-empty. □ 



5.7 Dualizability 

Let V = (a, C, b) be a Mukai vector as in Theorem We prove in this section that, if 



x{v) > 0, the collection 

{Msiv + r)^\ 0<r<fi{v)} (80) 

is a dualizable collection (Definition Similarly, for x(f) < the collection with 
A^5(f +r)* replaced by M.s{v~r)'^ is dualizable. 



Assume first that xi"^) ^iid rank(v) are non-negative. See Remark ^for the general 



case. We also assume, for simplicity of notation, that we can fix universal sheaves 



over the moduli spaces A^s(f') in our collection. In Remark |38| we indicate the changes 
necessary when the universal sheaves exist only locally. We obtain the homomorphisms 
Pv' (0), the iterated blow-ups /5 : B^''^^Asiv') ^As{v'), and the elementary transforms 

5W(p,0 :i?''^K',o-5t'lK,i. (81) 

Recall that B^'^^V^/^o is simply the pullback of Vy/^ by the iterated blow-up, while B^'^^V^/^i 
is the result of an iteration of two operations: pullback via a single blow-up morphism 
followed by a Hecke-transformation along the exceptional divisor (see (^)). 

Proposition 36 1. B^'^^^^^p^') : B^'^^^^Vv'fi B^^'^^Wy/^i has constant rank over 
B^'^^^^Aisiv')'', < A; < /i(f')- The kernel of its restriction 

W^, := ker f (^I'^+^lp.')! rfe+n .1 

is a rank k + x{v')-vector bundle over B^'^'^^^M.siv')'' which is a sub-sheaf of the 
pullback B* ( {J^v')\ ) • 

2. The cokernelU^, of the restriction of B^^'^'^^p^i) to B^^^^^ M. g{v'Y is a rank k vector 
bundle 

U^, := coker f (B^+ilpv')| r.+,i .1 
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over B^'^'^^^Aisiv')'' . Its dual {U^i)* is a subsheaf of the twisted pullback 

[Sxtl ((^.Ol^^,,,.,-^)) ( + E B^'^'^Msiv'y] . (82) 

y i=k+i J 

3. B^^\pyi) : B^^^V^ifi — s> B^'^^Vyi^i is surjective. The kernel Wv' := W^, of its restriction 
is a rank x{v')-vector bundle over B^^^Aisiv') . 

4- The Grassmannian bundle G{k,Wv') over B^^^M.s{v') satisfies the universal prop- 
erty analogous to that of G^{k, Jvlsiv')) for the restricted class of those families 
{S, Wt) over T as in Proposition |^ which satisfy the additional property: 

The inverse image ■ Ot of the ideal sheaves Xj^^^^^iy of all the Brill- 

Noether loci with 1 <t < fi{v') via the classifying morphism k, : T Aisi'v') are 
all invertible sheaves of ideals on T. 

5. B^''^^^ A4. s{v'Y satisfies the universal property analogous to that of Gi{k, Ads{v')) 
for the restricted class of those families {S, Ut) over T as in Proposition |^ which 
satisfy the additional property: 

The inverse image {K~^XMs{v'y) ■ Ot of the ideal sheaves TMs{v'y of all the Brill- 
Noether loci with k + 1 < t < n{v') via the classifying morphism k, : T ^ A4s{v') 
are all all invertible sheaves of ideals on T . 

6. There is a canonical isomorphism 

B^'+'^MsWf ^ G{k, W^,^^). (83) 

Denote by 

, : B^'+'^MsivT ^ B^'^Msiv' + k) 
the composition of f^, with the projection to B^^^Ais{v' + k). 

7. B\^+^^Ms{v'f IS smooth, non-empty and of codimension k ■ { \ xW) \ +k), for < 
k < fi{v'). 

8. Let T^i and q^, be the universal sub- and quotient bundles of f*,^^{W^,_^j:) (which are 
vector bundles over B^^^^^Ais{v'Y). There exists a line bundle K on B^^^^^A4.s{v'Y 
and isomorphisms 

t'^A- ^ B^'^+^^Msivy] = Ut,(^K (84) 



j=k+i 



q\, ^ W.^,®K. (85) 
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9. The isomorphism 

^s[*+iiXs(i,')VB['=+iiXsK) ~^ Hom(q^,,r^,)(8)CB[k+ilXs(v')'' I ~ B[''+^]A^s(v') 

\ j=k+l 

(86) 

induced by the symplectic structure ofAis{v') (see Lemma^ is conjugated via 1^8^ ) 
and ( ^^ ) to the dual of the Petri map of B^''^^^ (p^i) 

(f)^>^k ■ Hom(U^,, W|j,) Ng[k+ij^g(^,-)k/B[k+ii;Kg(v)- (87) 

Proof: The proof is by ascending induction on the pair {p{v'), fi{v') — k) with respect 
to the usual order: (a, b) > {a', b') if a > a' or a = a' and b > b'. Note that for a fixed 
Mukai vector v, the map 

(r, k) f— > (yu(t> + r), fi{v + r) — k) 
is strictly decreasing in both r and k. For each fixed v the subset 

{{r,k) I v+ f E Ti. and k < fi{v + r)} 
of the hyperbola in Figure |I] is a finite set. 

The case {n{v),p{v) - k) = (0,0). In this case B^^^Msiv)^ = Msiv) and the Brill- 
Noether stratification is trivial: h^{F) = for every sheaf parametrized by Ais{v)- 

B^^^Pv = Pv is surjective, is the zero bundle. Both f^ ^ and /^,o are the identity. 

The induction step: Assume that the proposition (and the dualizability conditions) hold 
for all {v',k') with {n{v'),n{v') - k') < {p{v),p{v) - k). 

|l]) By the induction hypothesis B^^^'^^p^) has constant rank over B^'^'^'^\A4. s{vY^^) and 
B^'^^'^\A4. s{vY^^) is smooth. Corollary implies that the generic rank on every compo- 
nent oi B^'^^^^AA.sivY) is k+x{v). Lemma |14| part ^implies that B^^'^^\pv) has constant 
rank over B^^^^\M s{vY) ■ 

H) The only non-obvious statement is that {U^)* is a subsheaf of the £xtp-sh.esl (|8^) . 
Using Corollary ^ inductively, we get the isomorphisms 

:= coker(B^+^lpv) = coker [(B'^+^(BMpv)*)*] (-B^+^l A^s(v)^+') 
= coker [(B^+ilp:)1 f" E B^+i1A^s(vj 



i=k+l 



It remain to show that 



( coker [(B^+^V:)*] , 1 = ker \iB 
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is a subsheaf of j3* {^xt^^{!F^,uJs)\^ ^ Part [I| implies that [B^^^^^p*^) has constant 

rank over i?t'^^^]A^5'(f)'^ and the kernel of its restriction is a subsheaf of /?* ^ker(p*)|^ ( 
Serre's Duality (|7l|) identifies ker(p;)|^^^^j^ with £xtl^{r^,ujs)\^^^^^^. 

H) This is a special case of part |l|. 

^ We prove the analogue of Proposition ^ in the case of a single family £ of stable 
sheaves with Mukai vector v and Wt a rank k locally free subsheaf of ttt^E. The patching 
argument needed in the general case is identical to that in the proof of Proposition ^ 
Assume that the classifying morphism n -.T ^ M.s{v) oi £ pulls back all Brill-Noether 
loci to Cartier divisors on T. Let k : T ^ G'^{k, Aisi'^)) be the classifying morphism of 
{£, Wt)- We claim that there exists a natural lift k'^' : T B^^^Ais{v) of k. exists by 
the universal property of blowing-up and induction. There is a subtlety in the z-th step 
of the induction: we need to check that if the inverse image in T of Isi^-^MsivY^ t ^ h via 
/-[^i] ig invertible on T, then the inverse image of its strict transform Isi^^MsivY 
is also invertible on T. This follows from the comparison between the strict transform 
and the inverse image via the blow-up map in Theorem |^ part |1|. The existence of k^^] 
follows. We have a canonical homomorphism (up to a scalar factor) 

for some line bundle K on T. Hence we have a canonical injective bundle homomorphism 
Wt K k*Vo obtained composition 

WT®K^{nT^£)^K = K*{p,J^,)^n*Vo (88) 

(see ([70D). In particular, we have a canonical morphism to the Grassmannian bundle 
T — >• G{k, Vq) over Al5(t>), namely the composition 

T-^G{k,Msiv))^G{k,Vo). 
But K*Vo is isomorphic to (fi;W)*(i?[^l Vq). Hence we get a canonical morphism 

a:T ^G{k,B^^%) 

to the Grassmannian bundle over B^^^Aisiv)- We need to show that a factors through 
G{k,Wy). By definition of k, the composition (|88|) factors through {k)*TGO(k,Ms(v))- 

We 

need to show that {k)*TGa(^k,Msiv)) is also in the kernel of 

i?W(/s:*(p,)) : 5W«:*(K)) ^ Bm^,*{V^) (89) 

(the kernel of (|9]) is canonically isomorphic to (k^^^YW^). B^'^^k*{Vo) is equal to k*{Vo) 
and B^^^K*{Vi) is, by definition, a sub-sheaf of k*(Vi) which contains the image of K*{py). 
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Hence, the sheaf theoretic kernel of ( p9D is the same as that of K*{py). We conclude that 
indeed a factors through G{k, W^). 

^ Part ^implies the equality B^^'^^^M.sivY = G{k, U^). The rest of the proof is analogous 
to that of Part |. 

^ The statement is a tautology for = 0. Assume that k>l. The induction hypothesis 
implies that W^_^^ is smooth. By part ^ for (f , k) and the universal property of 
Gi{k, Ms{v)) (Proposition ^1]) there is a canonical classifying morphism 

a : B^^+^^Ms{vf ^ Gi{k,Ms{v)) 

compatible with the Brill-Noether stratifications. Theorem ^ implies that we have a 
canonical isomorphism 

/ : Gi{k, Ms{v)) ^ G\k, Ms{v + k)) (90) 

compatible (up to a shift by k) with the Brill-Noether stratification. We claim that the 
composition f o a lifts to morphism 

Indeed, this would follow from the universal property of (^^(/c, VF^^g) (part H of the 
Proposition) provided that we check that f o a pulls back all the Brill-Noether strata 
to Cartier divisors on B'^'^^^^A4.s{vY. By the compatibility of / and a with respect to 
the (total-transform of the) Brill-Noether stratifications, all we need to check is that the 
subschemes B^^^^^Aisi'^Yi t > k + 1 are all Cartier divisors in B^'^^^^AAsivY- This is 
indeed the case. 

Conversely, G{k, W^_^^) admits a morphism to G{k, M.siy + k)) 

g:G{k,W^^^)^G{k,Ms{v + k)). 

The existence of g follows from the universal property of G{k, M.s{v + k)) (Proposition 
301) . The morphism g is compatible with the Brill-Noether stratification. Hence, the 
composition 

r'og:G{k,W^^^)^G,{k,Ms{v)) 

is compatible with the Brill-Noether stratification (up to a shift by k). We claim that 
f~^og lifts to a morphism 

t,k:G{k,W^^^)^B^''+'^Ms{v)K 

Indeed, that would follow from the universal property of i?[^+^lA^5(f )^ (part ^ of the 
Proposition) provided that we check that /^^ o g pulls back all the Brill-Noether strata 
to Cartier divisor on G{k,W^_^ji). By the compatibility of /^^ o g with respect to the 
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(total-transform of the) Brill-Noether stratifications, all we need to check is that the 
subschemes G'^{k, VF^^^)*, I < t < niv) — k are all Cartier divisors in G{k, VF^^g). This 
is indeed the case. 

Both and gv,k are birational isomorphisms and /^^ o g^j,^ g^ ^, o /^^ are regular 
morphisms which are generically the identity. G{k, W^_^j:) is smooth by the induction 

hypothesis. Hence ^ o g^j^ is the identity. By properness, both ^, and g^^k are 

surjective. Hence, f^j^ is also injective. Since G{k, W^„_,_g) is smooth, f^ ^, must be an 
isomorphism (by Zariski's Main Theorem). 

^ The smoothness and codimension formula follow immediately from the induction hy- 
pothesis and part |^. The non-emptiness follows from Corollary 0. 

H) We identify B^''+^^Ms{v)'' with G°{k, W^+g). We denote the pullback of the universal 
sheaves to B^'^'^^^Aisiv)'' x 5" by the same notation JF^ and Consider the two exact 

sequences ([76|) and ( [77D over G where G denotes both G^{k, ^^^(tM-A;)) and Gi{k, J^s{v)). 
Pulling back (0) and to B^''+^^Ms{v)'' x S via the classifying morphisms of the 

families [J^^+g, r„^] and [J^^, (U^)* (- EfilVi ^he two short exact 

sequences: 

0^p*T^^J^^^^^^Q^O, and (91) 

/ Kv) \ 
^ P*U!: Yl B^'^^'^MsivY -^S^J^^^O. (92) 

yj=fc+i J 

We already know that there exists a line bundle K on Gi{k, J^s{v)) such that {^)(S)K 
is isomorphic to (|76|). Hence the pullback of this line bundle to B^''~^^^A4s{v)'' (denoted 
also by K) gives the isomorphism between the short exact sequences (0)®-?^ and (|9T|). 
In particular, we get the isomorphism (0). 

Next we construct the isomorphism (^). Pushing forward (p^)Cg)-K" and ( |9lD via the 
projection p : B^'^^^^Aisi^)'' x S ^ B^'^^^^Aisiv)'' we get the short exact sequence 

O^T^ ^ ^ {P*^v) ®K -^0. (93) 

Both and W„'^(S)K are subsheaves of {p^.J-'.u)®K of maximal rank. At a generic point (in 
the dense open subset B^^^^"^ M. s{vY \ ^^=k+iB^^^^^ M. si^Y) all three sheaves are equal. 
Moreover, {p^:J-'v) -ft' is a subsheaf of the vector bundle p^,!F^{n) ® K = B^'^^^Wyfi (8> K 
(see (^). By part [l|, K is a subbundle of ^t'^+^lK^o ® ^- The short exact 

sequence (|93|) implies that is also a subbundle of p^:J-'v{n) ® K (the injective sheaf 
homomorphism is also injective on each fiber). These two subbundles of B^^^^^^V^fl ® K 
are equal on a dense open subset. We get two sections of the Grassmannian bundle 
G{x{v) + fc,5['=+^lV;,o ®K)^ B^^+^^Ms{vf which are equal on a dense open subset. 
Smoothness of B^^^^^AAs{vY implies that they are globally equal. 



57 



It suffices to prove the statement over J^s{v)^\-M.s{v)^^'^. Let F be such a sheaf and 

^ H\F) ® ios ^ E F 

the natural extension. It is known that the Petri map : H^{F)* ^ H^{F) —* T^p^A4s{v) 
becomes the Yoneda product under the natural identifications H^{F)* = Ext^(F,u;s), 
H^{F) ^ Hom(o;s,F(g)cJs), and T*p^Ms{v) ^ Exti(F, F (g) cug). Let W G G{k,H\E)) 
represent the point l{H^{F) H^{ujs)) and 

i/j:TwG{k,H%E))^T[F]Ms{v) 

the differential of the natural embedding. It is easy to verify that ip is also induced by the 
Yoneda product under the natural identification of TwG{k, H^[E)) with Ext^(F, Os) ® 
H°(F) and T[F}Msiv) with Ext^(F,F). It follows that the following dia gram commutes 

Exti(F,c^s) ®H0(F) ^ Exti(F,F®c^s) 

T T 
Exti(F,Cs) ® H°(F) Exti(F,F) 

where the vertical isomorphisms are induces by cup-product with the symplectic structure 
of S. Part ^ follows since the right vertical isomorphism is the one induced by the 
symplectic structure on A^5'(t>). □ 

Corollary 37 The collection {Ais{v + e ■ r*)* | < r < fj,{v)} is dualizahle. Above e is 
1 if xi'v) positive, —1 if xi"^) negative and either one «/x(f) = 0. 

Proof: Dualizability condition follows from Mukai's dimension formula dimAis{v) = 
2+{v, v). Conditions and |^ are verified in part ^of Proposition ^ (where IPW^BiiiA^g(i;+t) 
is denoted by PW„_,_f) . The compatibility of the two stratifications in Condition ^ is proven 



exactly as in the last part of the proof of Theorem 33. Condition g follows from Lemma 



|14| part P and part || of Proposition ^ □ 

Remark 38 In the absence of global universal sheaves, the statement of Proposition 
p6| should be modified as follows: The vector bundles B^^^V^'fl., -B'^^'K',!, W^,, U^, exist 
only locally, but the corresponding projective bundles exist globally. The vector bundles 
'Hom{B^''^Vyi fl, B^'^^Vyi ^i) and their sections B^^\p^i) in ( |gT| ) exist globally (see Remark 
[321) . The statement involving equation (^) is valid only locally. The vector bundles 
Hom{ql,,T^,) in (||) and Hom{W^,,U^,) in (H^) exist globally. Equations (HD and ( pSj) 
should be replaced by their projectivization but the simultaneous conjugation by one and 
the inverse of the other in part |^ of the proposition is a global isomorphism of vector 
bundles. 

The proof goes through if we replace the global family Tv by an open covering of 
JVls{v) (in the complex or etale topology) and a local family over each open set. The main 
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point is that any choice of gluing transformations (a cochain over Ais{v) x S) fails only 
slightly to be a cocycle. The coboundary of any such choice of gluing transformations 
is necessarily the pullback of a Ceck 2-coboundary for the sheaf O^^^^-^ of invertible 
functions over A4s{v)- This follows from the simplicity of the sheaves involved (see 
CTu^ Appendix 2). 

5.8 Lazarsfeld's reflection isomorphism 

Theorem 39 1. There exists a natural isomorphism 

qt:G\a + b + t,Msia,C,b)) ^ G^a + b + t, Ms{b + t, a + t)), (94) 

for all integers a, b, t satisfying a > and b + t > 0. Equivalently, there exist 
natural isomorphisms 

G^{k,Ms{v)) ^ G°{k,Ms{(TOT{v -k))), for A; > rank(v) > 0, and 
G\xiv),Msiv)) ^ G'ixiv),MsicTiv))) /or x(^) > rank(v) > 0. 

2. The compositions qt o q_t and q_t ° are both the identity morphism. 

Example 40 Consider the case where v = {1, C, g — d), 1 < d < 2g — 2, and k = 2. 
Then Ms{v) = S^'^\ G%2, S^'^^) parametrizes pairs consisting of a ^ in containing 
a length d subscheme D, while ^^^(cr o r(f — 2)) = The P^'-^ intersects S m a 

length 2g — 2 subscheme D and the isomorphism 

G°(2,5['^]) ^ G°(2,5l2^^^2-^1) 

maps a pair D C P^~^ to the complementary pair C P^~^. If D is reduced, then 
D-^ is the set theoretic complement D \ D. For a general complete intersection D, 
the dualizing sheaf Ufj is a free (9^,-module of rank 1 and the ideal Tg, ^± of as a 
subscheme of D is the annihilator of ^ 00 , cu^ under the perfect local duality pairing 
i/0(O^) ® i/°(cu^) ^ C. 

Theorem ^ is geometrically intuitive also in the following special case: 

The case (a, b) = (1, 0) and t = 0: Let C C S x \C\he the universal curve. Msi^, 0) 
is ^[5] and A^5(0,£,l) is the relative Picard PicS(C/|£|). Both G{1, Msil, C,0)) and 
(?(!, Al5(0, £, 1)) are isomorphic to the universal relative Hilbert scheme Hilbg(C) of 
length g subschemes of curves in the linear system |£|. 



Hilbg(C) 

X (95) 



Pic^ ■ Pic-g 
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Note that both e and a are surjective regular morphisms. The morphism e : Hilbg(C) 

is a birational isomorphism since g points in general position on S determine a unique 
curve in the linear system |£| passing through them. The morphism a : Hilbg(C/|£|) — *• 



J"^ is the Abel-Jacobi map (see ||A-K|| for its construction). It is a birational isomorphism 
by the Abel-Jacobi theorem. Given an integral curve C with planar singularities, the 
morphism T-Comc{*,Oc) is an involution of the compactified Picard. Set theoretically, 
we need only the fact that a rank 1 torsion free sheaf F on C is a reflecsive O^-module 
and X 0^omc{F,uJc)) = —x{F). This is a special case of a theorem of Serre which states 
that the functor Sxf^l*, Os) is exact and involutive on the category of Cohen- Macaulay 
modules of codimension c. Serre's Theorem enters the picture via: 

Lemma 41 Let F be an Os-module with pure one- dimensional support C G S . Then F 
is a Cohen- Macaulay module and we have a natural isomorphism 

noms{F,uc) = £xt\{F,Os). 

Proof: Consider the long exact sequence of extension sheaves obtained by taking 7ioms{F, 
of the short exact sequence 

Os{C) ^uc^O. 

The homomorphism £xt\{F, Os) — > Sxtg{F, Os{C)) vanishes since C is also the support 
of £xt\{F, Os)- Hence the connecting homomorphism is an isomorphism. □ 

Proof: (of Theorem |39|) The proof consists of two steps. In the first step we describe 
the bijection ( P^ set theoretically taking care of stability issues. In the second step we 
work in families and prove that the two functors coarsely represented by the two moduli 
spaces are equivalent. 

Step I (stability) The set theoretic description of the bijection ( p4|) is given below in 
( |I09| ) and (|lT2|). A stable sheaf F e Ms{a, £, b) and a subspace U G G(a + 6 + t, H^{F)) 
determine the exact sequence: 

^ F(F, U)^U ®cOs^ F (96) 

where F is the subsheaf of F generated by U . Our assumptions imply that a + b + t > a. 
We have two cases which are slightly different: a + b + t = a and a + b + t > a. 
The case a + b + t > a: Lemma ^ implies that U generates F away from a zero- 
dimensional subscheme. Thus F/ F has a zero-dimensional support 

^ F A F ^ F/F ^ 0. (97) 

If F is generated by U, we define g(F, U) to be the vector bundle F(F, U)* G M.s{b + 
t, C,a + t). Otherwise, we proceed to define the stable torsion free sheaf q{F,U) as a 
sub-sheaf of F(F, U)* (see (|107| )). We have the locally free presentations 

F ^ F** ^ F**/F and (98) 
^ F ^ F** ^ F**/F 0. (99) 
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Note that E{F , U) in ( pG] ) is locally free and 



^ E{F, U)^U ®cOs^ F** ^ F**/F 







(100) 



is a locally free resolution of F** /F. The Local Duality Theorem (| |G11| | page 693) implies 
that 



Sxtl{F**/F,Os) = Sxtl{F/F,Os) = 0, 
Sxtl{F,Os) = 0, and, using (98), 
Sxt].{F,Os) = Sxtl{F**/F,Os). 

Moreover, we have a perfect pairing 

H\£xe{F/F,us)) ®c H\F/F) ^ C. 



(101) 
(102) 
(103) 



(104) 



Taking Ti.om{», Os) of (0) and using ( |101|) and ( |102| ) we get the short exact piece of the 
long exact sequence of local Exts: 

^ SxtliF, Os) ^ SxtliF, Os) ^ Sx4{F/F, Os) ^ 0. (105) 
Taking TCom{», Os) of (p6|) we get the long exact sequence 

^ F* '4 U* ®c Os ^ E{F, Uy ^ Sxt\{F, Os) -> 0. (106) 
Moding out ([T06|) by F* we get an extension class 

e(F, U) e Ext^ ^xt^(F, Og), coker(ev* 

Pulling back ( |106| ) via the injective homomorphism e* : £xt\{F, Os) "—>■ £xt\[F , Os) we 
get the class 

e(F,f/) G Ext^ [^xt^(F,Os),coker(ev*)] 
representing an exact sequence defining g(F, U) 

O^F*"S U* ®c Os ^ q{F, U) Sxt\{F, Os) ^ 0. (107) 
Moding out (|106|) by ( |107|) and using the exactness of (|105D we see that the sheaf g(F, U) 



fits in the short exact sequence 

^ g(F, U) ^ E{F, uy Sxtl{F/F, Os) 0. (108) 

By definition ( ^BD 

C2{E{F, U)) = 2g-2- c^iF) = 2g - 2 - C2{F) + length{F/F). 
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Local Duality (|I0|) and ([T08| ) imply that C2(g(F, U)) = 2g-2-C2{F). Clearly, rank{q{F, U)) = 
b + t and det(g(F, U)) = C. Hence, the Mukai vector of q{F, U) is 

v{q{F,U)) = ib + t,C,a + t). 

It is easy to see that the dual sheaf does not have any global sections U)*) = 

H^{E{F,U)) = 0. Moreover, q{F,U) is generated by its global sections away from a 
zero-dimensional sub-scheme (see ( |107| ) and ( [I03| )). Lemma ^ implies that q{F,U) is 
stable. As H^{F*) vanishes, the homomorphism i* in (|107|) embeds U* in H^{S, q{F, U)). 
We get a pair U),W) e G^a + b + t, M{b + t, a + t)). We define by 

qt{F,U):={q{F,U),W). (109) 

The case (a, b) = (1, 0) and t = revisited: This case is part of the more general 
case a + b + t = a. We treat it separately as a warm-up. Let {C{—D),s) be a pair 
consisting of the £-twisted ideal sheaf of a length g subscheme D C S and a section s G 
FH^{S, £{—D)). The zero-locus of s determines, as a section of C, a curve C containing 
D as a subscheme. We get the triple {C,Xc\d ® -C, si) where si G PExtg(Xc,D ® j^^, C's) is 
the extension class of 

o^Os^ c{-D) ic,D ® /: ^ 0. 

Serre's Duality on S identifies PExt^(Jc,D ® C,Os) with FH\S,Ic\d ® /:)*. Serre's 
Duality on C identifies the latter with PiJ°(C, Hom(Xc,D, C'c))- Denote the corresponding 
section by sq. The triple (C, Hom(Tc,D, C'c), sq) is a point in G'°(l, Pic^(C/|£|)). 

Conversely, given a triple (C, L, sq) representing a point in G°(l, Pic^(C/|£|)) we use 
Serre's Duality on S and on C to interpret Sq as an extension class Si of O^-modules 

^ Os ^ F ^ nom{L, toc) 0. 

Lemma ^ implies that F, which is f{T-Com{L,iJc), span{si)), is a stable rank 1 torsion 
free sheaf. Composing j with the evaluation at sq Hom(L,a;c) i^c we get a non-zero 
homomorphism 

It is easy to check that Sq maps to zero by the connecting homomorphism S of the long 
exact sequence 

= Hom(F, Os) ^ Hom(F, C) Hom(F, Ext^(F, Og) 

(replace {F,V) in (|7^ ) by (7iom(L, cjc*), spar;,(si)) and apply Serre's Duality). Hence sq 
determines a non-trivial homomorphism 

i : F £. 
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We recover an ideal sheaf of a length g subscheme D C S hy setting Is,d to be the image 
of F ® ^ Os- 

The case a + b + t = a: In that case, t = —b and Msib + t,C,a + t) is MsiO^ jC, a — b) 
which is also Pic^"*^^^"^. The evaluation homomorphism in ( p6|) is injective and E{F, U) 
is the zero sheaf. We have a short exact sequence 

0^f/®Os^F^g^0. (110) 

The quotient sheaf Q is a torsion O^-module which is supported, as a rank 1 torsion free 
sheaf, on a curve C in the linear system |£| (see Lemma |23| Part In particular, Q 
represents a sheaf in A^5(0,£, 6 — a) which is Picl^"*^^^"^. As in the case (a, 6) = (1,0) 
and t = 0, we carry out the reflection on the curve C supporting Q. We deflne 



q{F,U) ■.= nomc{Q,u;c). (Ill) 

The exact sequence ( p.lO| ) corresponds to an embedding i : U* ^ Extg(Q,Cs)- Serre's 
Duality on S represents U as a quotient of H^{S, Q^us)- Serre's Duality on C represents 
U* as a subset W of i/°(g(F, U)). We deflne 



qt{F,U):={q{F,U),W). (112) 



Lemma ^ identifles the reflection (|111D as an operation on O^-modules: we have an 
equality q{F, U) = Sxt\{Q, Os). 



The case a + b + t > a revisited: The reflection (|109|) , while canonical, is inconvenient 



to work with in families. Upon a choice of an a-dimensional subspace W d U , we can 
express ( |109|) as the conjugation of the reflection along a curve ( |112| ) by the extension 
isomorphism in Theorem We need ( |109| ) in order to prove that the conjugation is 
independent off the choice of W . 

Let W be an a-dimensional subspace of U and assume that a + b + t > a. Then 
Q := F/(W ® Os) is a stable sheaf with pure one- dimensional support (depending on 
W). U/W is a subspace of H^{Q) and W* is a subspace of Extg(Q, O^). Consequently, 
W* is a subspace of H'^iSxtHQ, Os)) and (U/W) is a subspace of Ext^[^xt^(Q, Og), Og]. 
Theorem ^ implies that (U/W)* is a subspace of global sections of the stable sheaf 
f[£xtl{Q,Os),U/W] extending £xtl{Q,Os) by (U/W)* » Os- We get that U* is iso- 
morphic to the inverse image in H^{f[£xtg{Q,Os),U/W]) of W* under the quotient 
sheaf homomorphism f[Extl{Q, Os), U/W] £xtl{Q, Os). 



Lemma 42 The sheaves q{F,U) and f{q{f ^{F,W),U/W), (U/W)*) are isomorphic 
and the isomorphism conjugates the embeddings of U* as a subspace of global sections. 
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Proof: In the special case where U generates F and F is locally free, the Lemma follows 
from the commutative diagram with short exact rows and columns 

^ {u/wy^Os ^ {u/wy^Os 

F* ^ U*®Os q{F,u) 

F* ^ W*(E)Os £xtl{Q,Os) 

The proof of the general case is a laborious unwinding of the definition of the reflection 
«. □ 



Step II: (of the proof Theorem |3^) We work out the relative version of the maps 
qt in ( |109|) and ( |112| ). Consequently, the functors, which are coarsely represented by 
G^{k,Ms{v)) and G^{k,Ms{<y ° t{v — k))) are equivalent. 

Set r := rank(v). The case r = k was proven by Le Potier (Theorem 5.7 in ||Lel 



when k = r = and Theorem 5.12 when k = r > 0). The general case > r is a 
conjugate of the case r = = as in Lemma Assume given 1) a family JF^ over S xT 
flat over a scheme T, 2) a locally free Or-niodule U of rank k and 3) a homomorphism 
i : lA ^ p*{J-'v) injective on each fiber. Choose an open covering {Tj} of T and local 
sections of G{r,U) corresponding to subbundles Wj of . By Theorem we have an 
equivalence of functors G^{r, M.si'v)) = Gi{r, JUsi'v — r)). We get a short exact sequence 



flat over each Tj 



and homomorphisms, injective on each fiber, 

W* ^ £xtl{J^,^r-,j,OT,>cs) (113) 
U/Wj ^ p,J^v-r,j. (114) 

Note that ii k > r the families J-'v-rj need not patch. (Even their support, which is of 
relative dimension 1, need not patch!) Applying Le Potier's Theorem 5.7 we get families 

^ TOT{v-f),j •= ^^^TjXsi'F v-r,ji ^Tjxs) 

flat over Tj and the analogues of ( p,13| ) and ( |114| ) . Applying Theorem ^ once more we 
get families j of rank k—r stable sheaves and natural homomorphisms, injective 

on each fiber, 



We claim that the the families ^^oT(v-k) j ^'^'^ homomorphisms Lj patch naturally to a 
global family J^^^^^^_^-^ and a global homomorphism l. Indeed, Lemma ^ and the simplic- 
ity of the sheaves parametrized imply that the the sheaf 'P*'^om{^aoT{v-k) i' -^aoriv-k) j) 
a line bundle on TiDTj and it has a canonical invertible section (pij satisfying (pijoij = Li- 
The collection {(pij} is a 1-cocycle which glues {^„oT{v-k) j\ because its restriction to the 
invariant subsheaves U*^ is. This completes the proof of Theorem □ 
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Remark 43 We can now indicate the modifications necessary in the statement and proof 



of the analogue of Proposition ^ in case rank(v) > and x ^ 0. Recall that the Brill- 
Noether stratification is indexed now by h^. In the statement of parts |l] and ^ the rank 
of PV^/ is k and the rank of U!^, is k — xi'^')- the statement of part ^ we need to replace 
G{k,W^,_^^jl) by G{k,U*,_j.). In this case, even though rank(v) is non-negative, we may 

end-up with a non-empty Brill-Noether locus Aisi^)^ such that v — k has negative rank. 
If A; > rank(v), we define ?7, r to be W* , ^. and to be U* , j... We also define 

^ ^ (Tor(i?— fc) <joT\v—k) 

Gi{k,Ms{v-k)) to be G^{k,Ms{cT o T{v-k))) if A; > rank(v). 

In the proof of part ^ we need to replace the isomorphism (90) by 



/ : G%k,Msiv)) G^ik,Msiv-k)). 



li k < rank(v), this isomorphism follows from Theorem If A; > rank(v), the above 
definitions translate it to the isomorphism 

G%k,Msiv)) = G%k,MsicroTiv-k))). 



The latter isomorphism is precisely Theorem 39. 



5.9 The collections are dual 



We prove in this section that the two dualizable collections in Theorem gO] are dual to 
each other. This completes the proof of the Theorem. 

Proposition 44 Let v = (r, C, s) be a Mukai vector and L a line bundle satisfying 
Condition |^. Then there exist natural isomorphisms 

q:B^^^Ms{v) ^ B^^^Ms{(r{v)), and (115) 
q:B^^^Ms{v) ^ B^^^Ms{t{v)) (116) 

compatible with respect to the Brill-Nother loci. 



Proof: Proposition follows from the universal properties of the coarse moduli spaces 
involved. It suffices to construct the isomorphism ( |115D in case v = [a, C,b) and both a 
and b are non-negative integers. Proposition |36| part p] produces the pair {B^^^Aisiv),¥Wy) 
By the universal property of G*^(x(f ), ^^^(f )) we get a morphism 

B^'^Msiv) ^ G''ix{v),Msiv)) 

(see Proposition |3^) . Similarly, we get a morphism 

B^'^MsHv)) ^ G\xHv)),MsHv))). 
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By Theorem the two moduh spaces G'°(x(f ), and G'°(x((j(f )), A^s'((T(f ))) are 



isomorphic. Part ^ of Proposition | 



1^ imphes that there exist morphisms 
G'(0,iy.(,)) = B^'^MsHv)), and 



The composition of the two morphisms is generically the identity morphism (by Corollary 
|34D . It must be globally the identity since B^^^A4s{v) and B^^^Ais{o'{v)) are smooth (part 
1^ of Proposition [361) . 



It suffices to construct the isomorphism (|116D in case a > and b < 0. The construction 
is similar to that of (|115|). Simply use Theorem 33 instead of Theorem 39. □ 
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